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1 Introduction

When faced with repetition, programmers naturally turn to boilerplate or parametrisation. In this
paper, we focus on repetition that arises from symmetry. We develop mathematical foundations
that explicitly and uniformly capture existing implicit patterns in programming and reasoning,
and use them to define a construction that removes redundant symmetric cases from function
definitions and proofs.

Consider Gabriele Cirulli’s famous game of 2048, in which the player slides tiles labelled by
powers of 2, merging tiles with identical labels. The player can slide tiles in all four directions, and
the game source-code? accommodates that ability through a general merging code that takes the
direction as a parameter, builds a sequence of matrix indices to consider, and traverses over them?.

Our anecdotal experience with half a dozen student projects suggests this parametrisation can be
difficult to implement correctly. Here is an approach that is simpler to understand and to implement.
Define the merging logic only for a single direction, say left, and exploit the inherent symmetry of
the game for the other three directions: rotate the board so that the task is to slide left, perform the
merge, and rotate back, restoring the original orientation. Here is an example downwards merge:

merge left
merge 2 2 rotate ﬁg pre;effgr;n rg;ilt(e
down l l l
2 4 2 2 4 4 4
| A - 3
2 4 4
4 8 8 4 2 2 8 4 4 4 8

Another common example of symmetry in programming is that of binary search trees, in
which elements smaller than the root go to the left subtree, while larger elements go to the right.
Operations such as search, insertion, deletion, or rotation behave completely symmetrically. One
way of avoiding repetition by parametrisation is to store both subtrees in an array of length two,
and then use the offset 1 — i to refer to the tree opposite to the one at offset i. In practice, though,
the additional complexity is often not worth losing the high-level abstraction, and programmers
prefer to duplicate code.

! Available to play: https://play2048.co

2Available from https://github.com/gabrielecirulli/2048

3See the function GameManager . prototype.move:
https://github.com/gabrielecirulli/2048/blob/478b6ec346e3787{589e4af751378d06ded4cbbc/js/game_manager.js#L129.
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8:2 O. Kammar and M. Pretnar

But we can again avoid this repetition with the same approach and implement the code only for
one case. For example, when inserting an element into the right subtree, we can flip the tree (and its
ordering relation!), insert the element into the left subtree, and then flip the resulting tree back:

everﬂyit%ing insert ) bﬂipk

< op w.r.t. (<0p ac

. X l x < . l
t N\ - A

A reader may justifiably worry about the cost of flipping the whole tree each time we descend right,
but a more efficient implementation fits the same pattern.

Our final example following the same pattern comes from mathematics, where one often invokes
a without loss of generality (or w.l.o.g.) argument when we treat a canonical case, and derive the
remaining cases by symmetry. Consider the pigeonhole principle given as an example in the
Wikipedia entry for w.lo.g. [31]:

If three objects are each painted either red or blue, then there must be at least two
objects of the same color.

Proof. Assume, without loss of generality, that the first object is red. If either of
the other two objects is red, then we are finished; if not, then the other two objects
must both be blue and we are still finished.

On paper, w.l.o.g. appeals to an intuitive understanding that nothing has been lost by considering a
special case. But if the symmetry is complex or if we want to convince a proof assistant, we need
to explicate the reduction of the general case to the special one.

We can generalise the special case as a parametric proof that covers all cases. Above, we could
take the colour of the first object as a parameter and then instantiate it to both red and blue. But as
Harrison argues in his seminal study of w.l.o.g. in the context of the HOL proof assistant—and we
agree—this formulation is not faithful to the informal proof [16].

Modern proof assistants offer special tactics to treat w.l.o.g. arguments, but approach them
from various directions. Some tactics or theorems named wlog work in a very restricted setting,
such as symmetric relations or negation, and some cut in arbitrary additional statements that
do not involve symmetries. These divergent approaches point towards a missing mathematical
foundation. Furthermore, none treat the underlying symmetry as a first-class citizen, and as Dijkstra
argues—and we agree—“omissions [of the underlying symmetry] make most ‘w.l.o.g. proofs’ rather
unsatisfactory” [8].

We can explicate this symmetry by following the same pattern we used for programming. In
particular, if the first object is blue, we can exchange the colours to make it red, use the specialised
argument, and then revert the colours back to the original core. For example, one of the three cases
where there is another blue object in addition to the first one proceeds as:

exchange find another red exchange
colours object, if it exists colours back

8
ce® - 66 -~ e - e

while if both remaining objects are red, we similarly proceed as:

e - evd -~ 6y = 0o

In this paper, we develop this pattern into a uniform construction, and use it to eliminate sym-
metric cases in definitions of functions and in reasoning. On the surface, this pattern is conceptually
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Mathematical Foundations for Symmetric Programming 8:3

simple, and so one may, just like us, be quickly tempted to implement it, either in a programming
language or in a proof assistant. We made multiple prototypes in simply- and dependently-typed
languages, and unsurprisingly, each obstacle pushed us back to pen-and-paper and forced us to
enrich the underlying mathematical structure.

For this reason, while still keeping computational applications in mind, this paper focuses on
presenting these mathematical foundations. We postpone a bona fide implementation to future
work. Such future implementations will allow us to explore symmetric programming on more
involved examples, in a machine-checked environment, design the best interface for exposing it to
the programmer, to build a comprehensive library for symmetric programming and mechanised
reasoning, and revisit existing w.l.o.g. formalisations systematically. With these downstream goals
in mind, we pursue none of those future goals in the present work, and remain purely mathematical.

Our contributions:

e In §2, we identify three ingredients: group actions capturing the symmetries of the input
and output, a canoniser map that assigns a canonising group element to each input, and
a core function that defines the construction on canonical inputs. We then characterise
our symmetric w.l.o.g. construction as the unique symmetry preserving (i.e., equivariant)
extension of the core function to all the inputs.

e In §3, we extend this theory to the setting of dependent types. We show how via the Curry-
Howard correspondence, symmetry-invariant propositions correspond to types equipped
with a group action. We show how proofs via the symmetric w.l.o.g. argument amount to
dependent functions obtained by the above construction.

e In §4, we further extend the theory to (simply- and dependently-typed) algebraic data
types and their induction principles. The main construct we introduce is symmetry strength,
which defines a group action in terms of data constructors, paving the way for symmetric
reasoning on data types, and efficient partial evaluation.

We conclude by discussing related and future work in §5.

The Appendix contains details of a proof-of-concept Idris 2 [6] implementation removing the
asymptotic performance bottlenecks symmetric programming incurs (Appendix A), and expanded
technical development, including further details and proofs of most mathematical claims in the
paper (Appendices B-G).
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Abstract

We develop a mathematical abstraction for uniformly exploiting symmetries in programming and
reasoning based on the mathematical proof principle ‘without-loss-of-generality’ (w.l.o.g.). Given:
group actions that describe symmetries of the input and the output; and a canoniser, which captures
how arbitrary inputs get sent to canonical ones, our construction extends any function from the
canonical inputs to the whole domain.

We characterise the conditions on the canonisers which guarantee that the construction gives the
unique equivariant, i.e. symmetry preserving extension. Furthermore, we adapt the construction to
a dependently-typed setting, where it captures traditional symmetric w.l.o.g. arguments via the
Curry-Howard correspondence. Finally, we extend the construction to algebraic data types, where
the symmetries of the constructors both uniquely determine the symmetries of the data type and
pave the way for efficient execution.

2  Without loss of generality
Having observed the common pattern in the preceding examples, let us detail the ingredients:

(1) Capture the inherent symmetries of our problem using group actions (§2.1).
(2) Obtain a canonising symmetry for each input (§2.2).
(3) Give the core function, defined only on canonical elements (§2.3).

The symmetric w.l.o.g. construction combines these ingredients, covering all inputs (§2.4):

canonise input apply the transform output back
using a symmetry core function using the inverse symmetry
a general 1 acanonical an output for the l the desired output
. H . H . . }_) .
input input canonical input for the general input

Our previous examples fit this pattern as:

2048 merge tree insertion pigeonhole principle
general input  board & direction element & tree arbitrary colouring
desired output merged board extended tree general proof
symmetry rotation flipping colour exchange
canonical input direction is left inserted key < root key first object is red
core function merge left insert left as needed special-case proof

2.1 Groups and actions

A concrete symmetry on a set is a bijection from the set to itself. When we compare different sets,
we need to relate their symmetries. A group gives these symmetries a name, and its actions allow
us to use the same abstract symmetry to refer to concrete symmetries on different set.

Groups. Recall that a group G = (G, e, (), (=) ') is a tuple consisting of: a carrier set G, whose
elements we call symmetries; a neutral element e € G; a composition () : G - G — G; and an
inverse map (=)' : G — G; such that:

e composition is associative: g; * (g2 * g3) = (g1 * go) * g3 for all gy, g», g3 € G;
o the neutral element is neutral w.r.t. composition: e x g = g * e = g for all g € G; and
e the inverse map picks inverses: g« g~ =g '« g=eforallg € G.
“p Two famous examples of groups are the symmetric group S,, of all permutations of the

N set Finn :={0,...,n — 1}, and the dihedral group D,, of all symmetries of a regular
P
MSFP, Article 8. Publication date: July 2026.
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n-gon, i.e. n rotations and n reflections. The dihedral group is generated by a 2z /n
rotation p and a single reflection o, meaning every other symmetry can be obtained
by a suitable composition of p and o.

In our examples, both the mirroring symmetry of trees and exchange of colours are

described by the symmetric group S; = {I, F}, where I is the identity permutation \

and F flips the two elements. The 2048 board is symmetric with respect to the

dihedral group Dy, though for our use, it is sufficient to consider the cyclic group Ca,

generated by the quarter-turn rotation marked here as 4.

Actions. Groups capture symmetries abstractly. Symmetries between elements of
a particular set are captured by group actions. Given a group G, recall that a G-action A = (4, (®))
consists of a carrier set A; and a map (®) : G — A — A, writing (®"') when ambiguous, such that:

e every element is symmetric to itself via the neutral symmetry: e ® x = x for x € A; and

e symmetry is transitive via composition: (g; * g2) ® x = g1 ® (g2 ® x) for g1,92 € G, x € A.

Example 2.1. The symmetric group Sy, acts on the finite sets Finn = {0,1,...,n — 1} by z® i := i,
and on vectors Vect,X = X" by 7 ® (x0,...,Xp-1) = <x,[710, .. .,x,fl(n_l)> sending the i-th
element to the position 7i. O

Example 2.2. We define the sets of valid n X n boards of 2048 by:
Tile :={0} U {Zi |i € N+} Row,, = Vect,Tile Board,, = Vect,(Rowy,)
And the action (®) : C4 — Board, — Board, is given by:
X1,1 0 Xun X,n ° Xnn
S® e = e ie. (5 ® —) = reverse o transpose O
Xn1 " Xnn X1,1 t Xni

Equivariance. The game 2048 exhibits symmetry not only by permitting rotations of the board,
but also by the fact that merging respects it: if we rotate the board and then merge in the rotated
direction, we get the same result as first merging and then rotating the resulting board:

2 2 2 2 4 /8 8 4 pe
24 N 4 2 N 4 2 2
u — — ﬁ —
2 4 2 2 4 2
4 8 = 2 2 8 4 2 2
Imergeu Jmerge_ Imergeﬂ Imerge¢
4 4|8 8 4
4 N S 4 4 B 4 4
— — —
4 4 4 4 4
8 4 4

Equivariance captures symmetry preservation. Given G-actions A and B, recall that an equivariant
map ¢ : A > Bisamap ¢ : A — B satisfying (g ®" a) =g ®” paforallg € Ganda € A.

Example 2.3. Take any f : X — Y. Its pointwise application (Vect,)f : Vect,X — Vect,Y is
equivariant with respect to the permuting action of S,, on vectors since:

Ff(mr® (xp,...,%Xn-1)) = Ff((x,flo,...,x,rl(n_l)>) = <fx,rlo, . ..,fxnfl(n_1)>
=7 ® (fx0,.-, fxn-1) =1 ® (F f (x0,...,%n-1)) O

, Vol. 11, No. MSFP, Article 8. Publication date: July 2026.
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Before the next example, recall that a product AXB of G-actions A and Bis givenon A X B := AXB
component-wise by: g ®"*” (a, b) = (g ®"'a,g®” b). Furthermore, the exponential action A — B
is given on the set of all functions, not only the equivariant ones, A — B := A — B by conjugation:
(g P f):=aw g®” f(¢g7! ®" a). Finally, the trivial action TrivX on a set X is defined by
TrivX := X and g ® x = x. An invariant map is an equivariant map f : A e— TrivX.

Example 2.4. We can equip the set Tree of binary trees with values in N (fixed for simplicity)
with the recursive S;-action F ®"¢ Leaf = Leaf and F ®'° Node (¢, n,r) = Node(F ® r,n,F ® ¢).
Furthermore, let Path be the set of lists over step directions Step = {L, R}. We can equip Path with
an Sy-action by mapping the S;-action F® L =Rand F ® R = L.

Take lookup : Tree — Path — Maybe N, which takes a path through a tree (a list of steps left or
right) and returns the resulting value, if it exists. This function is invariant under symmetry: if we
flip both the tree and the direction of all the steps, we should get back the same value. More precisely,
lookup is equivariant in its curried form Tree @ (Path — Triv(Maybe N)) with respect to the
exponential action, while the uncurried form Tree XPath @— Triv(Maybe N) is invariant. O

This example concludes our group theory tutorial. We return to symmetric w.l.o.g. abstractions.

2.2 Canonisers

The next step is to map each input to a canonical representative. It is crucial that we do this through
an explicit symmetry in the group, rather than through an arbitrary function, as we need to apply
the inverse symmetry to reconstruct the output for the original input.

For example, we canonise search trees by flipping the tree when the inserted key is strictly
larger than the root key. Thus, the remaining canonical inputs are those that: insert into an empty
tree, insert the redundant key equal to the one in the root; and insert to the left subtree. For the
pigeonhole principle example, the canonising symmetry is the identity if the first object is red, and
F that exchanges the colours if the first object is blue. Thus, the canonical elements are triples in
which the first object is red.

Definition 2.5. Let A be a G-action. A canoniser for A is a function ¢ : A — G. For each a € A, we
call the symmetry ca € G the c-canonising symmetry of a, and the element ca ® a € A the canonical
form of a. We define the set of canonical elements to be Canyc := {ca® alae€ A}.

Canonisers need not respect the structure of the action on A, as many of the interesting examples
indeed do not. However, there are still some examples that respect it, and we study them and their
impact on the equivariance of the w.l.o.g. construction in §2.4.

Example 2.6. Let P be a strict partial order, i.e., a set equipped with an irreflexive and transitive
relation <p. We say that an n-tuple p € Vect, P is sorted when p; < p; implies i < j for all indices
i,j € Finn. Then, a sorting function is a function sort : Vect,P — S, that maps a tuple to a
permutation that sorts it. Every such function is a canoniser for the permuting action of S,, on
Vect, P from Example 2.1.

Given an n-tuple p, the sorted tuple (sort p) ® p is the canonical form of p, and every p € Can sort
is sorted. If the sorting function returns the identity permutation for sorted tuples—for example
when the sorting is stable—the set Can sort is exactly the set of sorted tuples. O

Example 2.7. Continuing Example 2.2, the input for the 2048’s merge is the board together with
the merge direction. Define Dir := {=, |, &, ||} and its action (®) : C4 — Dir — Dir by:

Se=2= Sefl=e See=] ael==
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Define mkLft : Dir — C4 to pick the unique rotation turning its input left, i.e. (mkLftd) ® d = <:
mkLft = = 4% = mKkLft f := 4 mkLft=:=e=Q mkLft| ==4"1=~

Thus the only canonical direction is left Can mkLft = {<}. We can extend the canoniser to input
pairs Dir X Board, by (d, _) + mkLftd. O

We frequently encounter similar canonisers that depend only on a part of the input.

Lemma 2.8. Let A and B be G-actions. Every A-canoniser ¢ : A — G induces an (A X B)-canoniser
com : AX B — G. We then have Can (c o ;) = Canc¢ X B.

2.3 Core functions

Take G-actions A and B between which we want to define an equivariant function ¢ : A ®— B.
Once we have an A-canoniser ¢ and its set of canonical elements Can c in place, the only thing
missing is the core function f : Can ¢ — B: merging of tiles in 2048, insertion into a subtree, or
the special case in the pigeonhole principle. Typical symmetric w.l.o.g. arguments only explicate
canonical elements and core functions, while groups, actions, and gloss over canonisers.

Example 2.9. Continuing Example 2.7, let us define the core function merging the tiles in 2048.
We choose left merges as the canonical direction since vertical merges go against the structure of
vectors of rows, while rightward merges have edge cases coalescing empty tiles. First, we define

mergeiJW : Row, — Row, using pattern matching as all the relevant tiles are on the left:

mergec" () == () merge-? " (x = () i= (x)  mergero"* (0 :: r) := merge-2"" (r) 4 (0)

2x = merge=2" (r) # (0)  (x =1y)
merger "1 (x =y = 1) i= { merges?Vn (x 7)) # (0)  (y =0)
xzmergelX(yir)  (x#y#0)
We merge the whole board simply by merging each row:
merge_ : Board,, — Board, merge_ = Fmergeiow" O

In addition to extending the core function f : Can ¢ — B to the whole ¢ : A — B, we often want
the extension to be equivariant. In that case, if we happen to have a canonical element x € Can ¢
that also has a symmetric canonical element g ® x € Can c, then:

@ extends f ¢ is equivariant ¢ extends f

l 8
flg@x)=p(g@x) =g@®¢(x) =g® fx
So equivariant w.l.o.g. extensions have core functions that are equivariant on canonical elements.
We generalise the notion of equivariance to domains that may not be closed under the action:

Definition 2.10. Take G-actions A, B, a subset X C A, and a function f : X — B. We call f
equivariant, writing f : (X C A) > B,wheng®x € X = f(g®x) =g® fxforge G, x € X.

Example 2.11. Every core function for the 2048 canoniser from Example 2.7 is vacuously equi-
variant: only & is canonical, and any g € C4 \ {e} changes the direction to a non-canonical input.
Therefore, if x, g ® x are canonical, theng=eandg® fx = fx = f(g ® x).

Insertion into binary search trees features a non-trivial corner case of core function equivariance.
Flipping the empty tree yields back the empty tree, which is again a canonical element. Thus
inserting a key into a “flipped” empty tree needs to be the same as first inserting the key into the
empty tree and then flipping the result. However, the resulting tree is a single root with two empty
subtrees, which is invariant under flipping, thus the core function is equivariant. O
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2.4 The w.l.o.g. construction

We now formally define the w.l.o.g. construction we sketched a number of times, extending a core
function f : Can ¢ — B to the whole carrier A. Take any a € A and compute its canonical form
ca ® a. By definition, the canonical form lies in Can ¢, so we can apply the core function to obtain
f(ca ® a). Even though this result has the expected type B, we still need to apply the inverse
symmetry (ca) . Indeed, making a downward merge in 2048 would result in a rotation, followed
by a leftward merge, followed by the inverse rotation.

Definition 2.12. Let A and B be G-actions, ¢ : A — G a canoniser, and f : Canc¢ — B a core
function. Then, the w.lo.g. construction wlog(c, f) : A — B is defined as

wlog(c, f) == a > (ca) ' ®” f(ca®” a)
The symmetric w.l.o.g. induces a bijection between equivariant functions and core functions:

Theorem 2.13. Let A and B be G-actions and c : A — G a canoniser. If f : (Canc C A) e Bisan
equivariant core function, then wlog(c, f) : A ®— B is the unique equivariant function extending f to
the whole A, along the inclusion Can ¢ C A.

Example 2.14. Completing Example 2.9, we can define merge : Dir X Board, — Board, as
wlog(mkLft, merge_). It indeed behaves as expected: for leftward merges, it extends merge_,
while for other directions, it is uniquely determined by the equivariant behaviour. O

Equivariance of core functions is the only additional assumption in Theorem 2.13. In concrete
cases, it is often easily discharged, but we can further relax it when the canoniser ¢ has additional
properties. A natural property is the equivariance of the canoniser. Since (ca * g7')® (g® a) = ca®a
is canonical, it is natural to ask whether ca * g7! is the c-canonising symmetry of g ® a, i.e. whether
c(g ® a) = ca x g~. More succinctly, this properties means c is an equivariant map ¢ : A e— G™!
where G™! is the action of G on itself, defined by g ®° hi=hx g~ 1. It validates the axioms since:

e@" s=srel=s g @ (h@" s)=(sxh )« gl=sx(gxh) =(gxh) @7 s
Definition 2.15. A canoniser ¢ : A — G is strictly equivariant when ¢ (9 ® a) = ca* g~ !, i.e. when
it is an equivariant map ¢ : A &> G~

As we shall soon see, strict equivariance is a powerful assumption, but also a very strong
restriction, thus we reserve the name equivariant canonisers for a weaker and more natural notion
that we introduce in §3.4, after we discuss dependent types.

Example 2.16. The canoniser mkLft from Example 2.7 is strictly equivariant since mkLftd is
the unique rotation that makes d canonical. On the other hand, if in Example 2.6, we take a non-
total ordering P and a stable sorting algorithm, the canoniser sort : Vect,P — S, is not strictly
equivariant since for every two incomparable elements p, g, we have: o

sort ((0 & 1) ® (p,q)) =sort{gp) =id# (0= 1) =id* (0 1) =(0 & 1) ®sort(p,q) O

Strict equivariance guarantees equivariance of arbitrary core functions, and thus also of the
w.l.o.g. construction. The converse also holds, though we do not need it for our applications.

Theorem 2.17. Letc : A — G be a canoniser. Then, c is strictly equivariant iff for every action B,
every core function f : Can ¢ — B is equivariant.

Strict equivariance is too strong, as it restricts the action to be semi-regular, meaning that only
the identity can fix an element: g® a=a =— g =e.
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Lemma 2.18 (semi-regularity). If A has a strictly equivariant canoniser, then A is semi-regular.

For example, the C4 action on Board, is not semi-regular, since all rotations preserve the empty
2048 board. It is only the addition of the direction, which all non-trivial symmetries affect, that
makes the action on Dir X Board,, semi-regular.

A weaker natural property of canonisers, and one that all examples in this paper enjoy, is that
canonisation is a one-step process and that further canonisation symmetries are identities:

Definition 2.19. A canoniser ¢ is immediate when for all a € A, we have c(ca ® a) =e.

To apply the w.l.o.g. construction, we need to provide both the canoniser ¢ and the core function f.
If we have ca = e for some a € A, thena = ca® a € Can ¢, and so we need to define the value fa. In
the ideal case, we want to consider each element of A only once and define the core function only on
elements with trivial canonising symmetries. More precisely, we want the sets {a €A \ ca# e} and
Can c to be disjoint. But in general, the two sets may overlap. In the extreme case, if ¢ : Dir — Cy4
is the constant function _ + 4, they are both equal to the whole domain Dir. However, immediate
canonisers are exactly those for which the domain A cleanly splits into two:

Proposition 2.20. A canoniserc : A — G is immediate iff Canc = ¢™![e] := {a €A | ca= e}.

Immediateness is strictly weaker than strict equivariance. As we saw in Example 2.16, a stable
sorting function is not a strictly equivariant canoniser, but it is immediate since the canonical
elements are exactly the sorted tuples, and the sorting permutation for sorted tuples is the identity.

Proposition 2.21. A strictly equivariant canoniser ¢ : A @ G~ is immediate.

We will often derive a canoniser for A from a canoniser for A X B through projection. For example,
we derive the canoniser for Dir X Board,, from that of Dir.

Lemma 2.22. For G-actions A, B, if A 5 G is strictly equivariant/immediate, then so is AX B SN G.

3 Symmetric dependent types

To precisely show how our construction captures traditional w.l.o.g. arguments, we need to move
to a more expressive setting of dependent types. Similarly, we want dependent types to impose
richer invariants on programming examples such as binary search trees.

We start by recalling the framework of families (§3.1), which gives a mathematical interpretation
of familiar dependent-type notions. Afterwards, we generalise our constructs and results to a
dependent setting (§3.2) and show how via the Curry-Howard correspondence, they capture proofs
that use w.lo.g. arguments (§3.3). Finally, we use the additional power of dependent types to define
a more refined notion of canoniser equivariance (§3.4).

3.1 Families

A family T + X is a pair consisting of a set I and an assignment of a set Xy to each element y € T'.
We call T the indexing set, its elements y € I' indices, and each set Xy the fibre over the index y. A
termI' +t: X in afamily I' + X is an assignment of an element ty € Xy to each y € I'. A family
I + X is a subfamily of T + Y, which we writeasT' + X C Y if Xy C Yy forally e T.

Example 3.1. To eliminate the necessity for the Maybe type in the tree lookup from Example 2.4,
let us define the family Tree + InPath of node paths that contains all paths ending at an internal
node of the index tree. More precisely, the fibre InPath t is empty if ¢ is empty, and is otherwise
the set of lists over Step = {L, R} which are either Nil, representing the root of the index tree, or
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8:12 O. Kammar and M. Pretnar

d :: p that start with a step direction d followed by a path p in that subtree. This set can be given
inductively as:

p € InPath¢ p € InPathr

NiIelnPath([/x\ ) (L::p)elnPath([/x\ ) (R::p)elnPath({,X\ )

When specifying fibres or terms as assignments of the form y — X or y +— t, which explicitly
use the index y € T', we write themasy : ' - X andy : T + t : X. Note that despite using a
convenient type-theoretic notation, we continue to keep our development purely mathematical,
constructing objects without any recourse to a syntactic type system.

Continuing this approach, we allow fibres and terms to depend on a context of variables. For the
empty context, we take the indexing set 1 := {x} and identify families 1 + X with their only fibre
Xx. Then, we write fibres over 1 simply as + X, and similarly for terms.

For context extension, we employ the Grothendieck construction. Recall that for a family I + X,
it is defined as the set [[r X = [[,er Xy, consisting of pairs (y,x) where y € I'and x € Xy,
together with a projection function m; = ({y,x) = y) : [I[r X = I'. We write I, x : X + Y and
[,x:XFt:Y for fibres and terms indexed by [ [ X and use x to refer to the second component of
the index pair in [ [ X in Y and .

Given two familiesI' - X and I', x : X + Y, we have the family of dependent pairsT  (x : X) X Y
whose fibre at y € I' is the Grothendieck construction [[,cx, Y (. x), and the family of dependent
functionsT' + (x : X) — Y whose fibre at y is the product [[ex, Y (y, x). As usual, we write X — Y
when the codomain family Y does not depend on the argument of the function. To distinguish
between indices and arguments of dependent functions ' + f : (x : X) — Y, we apply them as f,x
for some y € " and x € Xy, or even as fx when y can be inferred.

Example 3.2. With dependent types, we can refine the lookup function Tree — Path — Maybe N
from Example 2.4 to a dependent function + lookup : (¢ : Tree) — InPath t — N, as the path now
must point to a node in the tree. We can define it as:

Iookup( .7 N )Nil =n Iookup( e " N, )(d i p) = lookup tg p
r L R

Note that since we have two trees ¢, tr rather than a function Step — Tree, the parametrisation ¢4
that we use in the second case is just repetition in disguise. Later, we will show how to properly
avoid this repetition by using the w.l.o.g. construction. O

3.2 Indexed actions

Just as in Example 2.4, the function lookup from Example 3.2 is invariant with respect to flipping:
flipping both the tree and the path returns the same value. But note that once we flip the tree ¢, the
flipped path no longer lies in InPath ¢, but in InPath (F ® f). For example:

F®

3 3
L::R::NilelnPath( , 7 )):R::L::Nile[nPath( N, )
7 N\ VRN

In general, an action over a family I" A should thus consist of an action over the index set I, and
an action over each fibre Ay, which tracks the indexing action: if a € Ay, theng® a € A(g ® y).

Definition 3.3. Given a G-action I', an indexed G-actionI' + A consists of a carrier family I' + A
and a dependent function (®_) : (9: G) = (y : L) = Ay = A(¢g ®' y), which we apply as g ®, a,
such thate ® a=aand (gxh) ®,a=g By (h®, a).
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When A is ambiguous, we add a superscript and write ®', and when we can infer the index y,
we elide it and write g ® a instead of g ®,, a.

Example 3.4. The action of the cyclic group C4 on 2048 boards can be generalised to an indexed
action on the family of arbitrary matrices N X N + Mat. First, take I to be the action of C4 on
dimensions I := N X N, defined as: & ® (m, n) := (n, m). We then have a I'-indexed action defined
as in Example 2.2:

Example 3.5. Take indexed G-actions I' + A and I', x : A + B. Then, we can define the dependent
pair action T + (x : A) X B as:

X1,1 1 XLn Xtn * Xmn

)eMathn) = - € Matpxm O

X1,1 7 Xma

S ®(m,n)

Xma1 *° Xmyn

. x:A)XB . y
Tk (x:A)XB==TF(x:A)xB g®(y " a,b) = <9®yxa,9®5y,a> b>
Furthermore, we can define the dependent function action T’  (x : A) — B as:
I+ (x:A)>B:=TF(x:4) >B
f=@:A@® ) P 98, 190 [ S, @)

It is straightforward to check that both definitions satisfy the indexed action laws. O

(x:A)—B
g ®y

Definition 3.6. Given a G-action I" and an indexed G-action ' + A, aterm I ¢ : A is equivariant
when its components are: t(¢ ®' y) = ¢ ®, tyforally eI, geG.

Equivariance of terms is preserved by reindexing and substitution. Furthermore, an equivariant
term I, x : A + ¢ : B induces an equivariant dependent function T + (x : A+ ¢) : (x: A) — B,
and two equivariant terms '+t : Aand y : T + s : B(y, ty) induce an equivariant term I + (t, s) :
(x : A) x B. For more details and proofs, see Appendix D.

The ease of compositionality should come as no surprise given that the definition of an indexed
action is in fact just a reformulation of the notion of a family internally to the topos of G-actions:

Proposition 3.7. LetT be a G-action. Then, aI'-indexed action A amounts to an action [ [ A over the
Grothendieck construction for which the projection is equivariant: [[r A =[[rAandm : [[r A e— T.

We have used this connection above to reformulate standard notions from dependent types
to the symmetric setting, and continue to do so with canonisers, core functions, and the w.l.o.g.
construction. Ignoring the additional indices, we recover the simply-typed notions from §2.

Definition 3.8. Let I' - A be an indexed G-action. An indexed canoniser for Aisaterm I F ¢ :
A — G.For each a € Ay, we call the symmetry c,a € G the c-canonising symmetry of a, and the
element ca ®,, a the canonical form of a. We define the family of canonical elements I + Can ¢ with

the fibres (Can c)y := {ca ®, a

Y el,aeAy,ca®y’ =y} for each y € T.

Example 3.9. To capture the symmetry of the lookup function from Example 3.2, we define a
canoniser for the indexed S,-action on t : Tree X + InPath ¢:

CNode([,n,r)Ni] =1 CNode(t’,n,r)([— :: P) =1 cNode((,n,r)(R - P) =F

The canonical elements in InPath ¢ are Nil and (L :: p) € InPath(Node (¢, n,r)) where p € InPath ¢
can be an arbitrary path, even one that moves right on any of its steps. O
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Definition 3.10. Take indexed G-actionsI' + Aand I',x : A+ B, asubfamilyI' - X C A, and
a dependent functionT + f : (x : X) —» B. We write' + f : (x : X € A) e B and say that f is
equivariant when we have g®; x € X(9®y) = fyo,(9®, x) =g @?ym fyxforallge G,y €T,
and x € Xy.

Definition 3.11. LetT' + Aand I',x : A + B be indexed G-actions, I' + ¢ : A — G an indexed
canoniser, and T + f : (x: Canc) — B a dependent core function. Then, the indexed w.Lo.g.
construction wlog(c, f) : (x : A) — B is defined as:

wlog(c, ), = (a: Ay) — (CY“)_l ®[<gcya®lyscya®§}a> ﬁyu@l‘y(c)/a ®3) a)

With all the indices precisely spelt out, the definition can look a bit intimidating, but since all of
them are uniquely determined, there is no harm in writing wlog(c, f) = a — (ca) ' ®" f(ca ®" a)
as in the simply-typed case. And just as before in Theorem 2.13, the w.l.o.g. construction gives the
unique equivariant extension of a core function.

Theorem 3.12 (indexed representation). LetT + A andT',x : A + B be indexed G-actions and
I'trc: A — G an indexed canoniser for A. IfT + f : (x: Canc C A) @ B is an equivariant
dependent core function, then wlog(c, f) : (x : A) @ B is the unique equivariant function extending
f tothe wholeT + A.

Example 3.13. Let us revisit the pigeonhole principle [31] from the introduction and extend it in
two ways. First, instead of a proof, let us construct a function findSame : (xyz : {r,b}’) — Same xyz
where Same xyz := {(i,j) : (Fin3)? | i# jATixyz = njxyz} is the family of distinct positions of
the same colour, indexed by the colouring xyz.
And second, we shall see that in the special case of the proof, there is another opportunity to use
the w.l.o.g. argument. Informally, our proof goes as follows:
W.lo.g., the first object is red. The other two objects either have the same colour or
different colours. If they have the same colour, choose (1, 2). If they have different
colours, w.l.o.g. the second object is red, so choose (0, 1).
Such nested uses of w.l.o.g. may be suspicious and confusing, which is exactly why it is important
to make all aspects of w.l.o.g. arguments explicit. In this case, this use is valid. For example, in when
the second object is not red and the third is red, the inner argument exchanges their positions:

switch pick the first switch
objects and second object objects back

! ! - L

e - e6ev -~ e - ece
In the outer level, S, acts on {r, b} by flipping the two colours, and on the domain {r, b}* with
the component-wise product action we recalled in §2.2. On the codomain {r, b}3 + Same, we lift
the trivial action to preserve the elements of the fibre, but change the index. This is a sub-action
(i.e. an action that preserves a subset) since if objects at two positions are of the same colour, they

remain so after we exchange the colours. For example, F ® (.rh) (0,1) = (0,1) € Same (b, b, r)
By swapping colours, we make the first object red, thus the outer canoniser is:

makeFirstRed(r, b,c) =1 makeFirstRed(b, b,¢c) :== F
and using it, we can define

(1,2) (b=c)

findSame := wlog | makeFirstRed, (r,b,c) — 1
findOtherRed(b,c) (b # ¢)
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where we still need to define
findOtherRed : ((y, 2) : {(b, ¢) € {r,b}? | b+ c}) — Same (r,y, z)

Again, we employ symmetry, but now, the S;-action on the domain swaps the two components of

the pair, but not their colour, i.e., F ® (b, c) := (¢, b). For the codomain, define an action on Fin 3

that swaps 1 and 2, and extend it component-wise to the product (Fin 3)2. Since b and c are of

different colours, it is easy to check that this action again preserves the defining property of Same

and thus lifts to a sub-action on the codomain. For example, F ® (rb) (0,1) = (0,2) € Same (r,b,r).
The inner canoniser now makes the second object red:

makeSecondRed(r,b) :=1 makeSecondRed(b,r) := F

and so findOtherRed := wlog(makeSecondRed, (r,b) — (0, 1)). Equivariance is immediate since
both core functions are vacuously equivariant. O

3.3 Propositional reasoning

So far we have used the w.l.o.g. construction to define functions. To formalise mathematical
proofs, we apply the Curry-Howard correspondence and identify propositions with types, and their
proofs with terms. We could have also approached this differently and e.g., transferred the w.Lo.g.
construction to higher-order logic or first-order logic, but this would require us to duplicate the
definitions for concepts such as group actions or equivariance for proofs.

For concreteness, let us first borrow a running example of Schur’s inequality from Harrison [16],
which states that for all x, y, z,t > 0, we have

-y -2+y'y-2@y-0)+2'(z-x0)(z-y) 20

Since the inequality is symmetric in the three variables, the standard proof assumes that w.l.o.g.,
X >y > z and rearranges the expression to an evidently non-negative form.

Let Prop := {True, False} be the set of logical values. Each proposition T + ¢ : Prop determines
a family T + Proof ¢ such that for each y € T, the fibre (Proof ¢)y = 1 = {x} when ¢y = True
and (Proof ¢)y = 0 when ¢y = False. As is conventional, we overload the notation and identify
propositions with their proofs, writing I' - Proof ¢ simply as I'  ¢. Then, any proof term '+ p : ¢
is an explicit witness that ¢ holds at every y € T.

Example 3.14. We can write Schur’s inequality as the proposition (x,y,z) : R + Schur(x,y, z) :
Prop where

Schur(x,y,2) =Vt > 0. x' (x —y)(x —2) +y' (y—2)(y —x) + 2" (z = x)(z —y) > 0

Recall from Example 2.1 that S; acts on R3 by permutation. The proposition Schur is invariant
under those permutations. O

Definition 3.15. A proposition I' ¢ : Prop is invariant, if it is equivariant as a term with respect
to the trivial G-action on Prop, i.e. p(g ® y) = ¢y forally € I'.

In addition to equivariant substitutions, like all equivariant terms, invariant propositions are also
preserved by logical connectives and quantifiers. Each invariant proposition I' - ¢ : Prop induces a
I'-indexed action on its proof family I' + ¢. Moreover, given a I'-indexed action A, each invariant
proposition I', x : A + ¢ : Prop induces a I'-indexed action on the subfamily I' + {x : A| ¢} C A. For
more details and proofs, again see Appendix D.

, Vol. 11, No. MSFP, Article 8. Publication date: July 2026.



736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784

8:16 O. Kammar and M. Pretnar

Example 3.16. Coming back to Schur’s inequality, we can see that the w.l.o.g. argument again fits
the now familiar pattern:

sort using a prove using P is invariant
permutation 7 additional assumption under permutations

X0, X1, X2 ERy b Xp0 = Xg1 =Xz > Schur(xgo, Xz1,X72) > Schur(xo, x1, x2)

Let us thus use the w.Lo.g. construction to obtain a proof, i.e. a function ((x, Y,2) : Ri) —Schur(x, y, z).
From Example 3.14 we already have an S3-action on R3, and since Schur is an invariant proposition,
we also get an indexed S3-action on R3 + Schur. For the canoniser, we take a stable sorting function
sort : R3 — S; from Example 2.6 so that Can sort is exactly the set of sorted triples. The last thing
we need is the core function f : {(x, y,z): R |x <y< z} — Schur(x, y, z), which we can define
using the rearrangement in the standard proof. O

The resulting function wlog(sort, f) is equivariant since in the case of propositions, core functions
are always equivariant due to proof irrelevance:

Lemma 3.17. LetT,x : A+ ¢ : Prop be an invariant proposition, andT + ¢ : A — G a canoniser.
Every core functionT + f : Can ¢ — ¢ is equivariant.

Harrison suggests proving the Schur’s inequality using the following tactic*, which states that it
is sufficient to show permutation invariant propositions only for sorted triples [16, page 44]:

Vx,y,z. P(x,y,2) = P(y,x,z) A P(x,z,y) Vx,y,z. (x <y) A (y <z) = P(x,y,2)

Vx,y,z. P(x,y,2)

Let us see how this bespoke tactic relates to our general w.l.o.g. construction. In contrast to our
approach, the symmetry group Ss is left implicit, as is the canoniser. Instead, only its set of canonical
elements {(x, y,z) : R® |x <y< z} is spelt out. Furthermore, the first assumption corresponds to
an indexed Ss-action on the proposition P, and the second assumption is exactly the core function.
The latter is evident, while for the former, recall that the symmetry group S; is generated by
the two transpositions (0 <> 1) and (1 < 2). Since the generators determine the behaviour of the
action on the whole group, one defines a S5 action with one map for each of the generators:

(0 1) ®<x!y’z) —:P(x,y,2) > P((01) ® (x,y,2)) = P(y,x,2)
(12 ®<x’y’z) —:P(x,y,2) > P((12) ® (x,y,2)) = P(x,2,1)

These are exactly the contents of the first assumption.

What is even more important is that exposing the symmetric structure in proofs allows us to use
existing results in group theory. For example, Harrison’s proof for the tactic still explicitly lists all
six permutations [16]. For Ss, this number may still be manageable, but in general, the group S, has
n! elements, so a proof of a potential wlog. rule would already need to list prohibitively many cases,
while the proof of wlog, would not even be expressible. In contrast, we can lean on the general
result that S,, is generated by a single cycle (012 --- n— 1) and a single adjacent transposition, for
example (0 & 1), so it is always enough to spell out only two cases for the action.

A careful reader may observe that such definitions by generator cases need to respect all the
equalities between elements of a particular group. For example in any S,-action, (0 <> 1) ® — must
be its own inverse (amongst other relations) since (0 < 1) * (0 <> 1) = e. However, in case of
propositions, once more due to proof irrelevance, the condition is trivially satisfied.

4Available here: https://github.com/jrh13/hol-light/blob/master/int.ml#L612.
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3.4 Equivariant canonisers

In §2.4 we saw that the issue with strict equivariance is that both ¢(g ® a) and g ®“ ' ca canonise

g ® a, but that they are not necessarily identical. This leads us to a weaker notion in which we
collapse all symmetries that act equivalently on a particular element.

Definition 3.18. Take a G-action A. Then, for each a € A, we equip G with an indistinguishability
relationg ~ h &= g®a = h®a.If [g] « is the equivalence class of gin G/<, we define an indexed G-

action A + G/A with the fibre (G/A) a := G/< and with ®°/* defined as:g@i"/’\ [A]a = [h*g’l]g@a.

The action is well-defined since h; ~ h, implies hy * g~ 9Za hy + g~ The relation ~ is closely
related to the stabiliser G, = {g eG | g®a= a}, i.e. a subgroup of all symmetries that preserve a.
In particular, g < h is equivalent to (™' % ¢g) ® a = a,i.e. k™' x g € G,.

Remark 3.19. Since the equivalence classes of the indistinguishability relation are precisely
the cosets of the stabiliser group, we can recast the Orbit-Stabiliser theorem as an equivariant
isomorphism between the actions on orbits and stabiliser cosets.

Given a G-action A, the fibres of a dependent family of orbits contain all the symmetric elements
of anindex,ie.a: A+ G® [a] = {h ®a | he Q} On orbits, we can define an indexed action as:

9@, (h®acG®a) =h@a=(hxg )@ (g®a) eG®[g@al

Even though the action does not change the fibres, it is not trivial, since it changes the indices.
Theorem 3.20 (Orbit-Stabiliser). Let A be a G-action. We have an equivariant isomorphism:
a:Ar @i (G/A)aen G®[a]l  galhlea =h®a ¢, (h®a) = [h]a

Coming back to equivariance of canonisers, the indexed action G/A generalises G™! and allows
us to consider a weaker property:

Definition 3.21. A canoniser ¢ : A — G is equivariant when post-composing it with the quotient
map vields an equivariant map (a — [calg) : (a: A) e (G/A)a, i.e. when c(¢®" a) 92 g@“q ca.
Example 3.22. For a totally ordered set P, we can define the S;-action on PXP by F®(p, q) = (g, p)
and a canoniser ¢ : A — S, such that ¢ (p,q) =T if p < g, and ¢ (p,q) =F if p > q. Then c is not
strictly equivariant since for some p € P, we have:

c(F@(pp)) =cipp)=T#F=I+F "' =F@ cipp)

(p:p)

It is, however, equivariant, since ¢ (F ® (p,p)) =1 F=F ®<pp> c{p,p). )

Note that for every equivariant function f and every stabilising element g € G,, we have
g® fa=f(g® a) = fa, thus G, C Gy, leading to a weaker condition on core functions.

Definition 3.23. Take indexed G-actionsT' + Aand T, x : A + B, asubfamily T + X C A. A function
T+ f: (x:X) — Bis stable when it preserves the stabiliser: Gy C Gy for all x € Xy.

Example 3.24. Just asin Example 2.16, consider a non-total ordering P and a stable sorting function,
and the permutation sub-action on all tuples with distinct elements {[5 epr |Vi, jeFinnp; #p J-}.
Then, we can define indexMin : P" — Finn that finds the index of a minimal element by
indexMin := wlog(sort, (_ — 0)).

Now, for any two incomparable p, g, both {p, ) and (g, p) are sorted, thus canonical. However:

Oene(C-0pg)=0e)®0=1£0=_0/{gp)=(_~0)(0<1)®(pq)
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and so (_ + 0) is not equivariant on Can sort. It is, however, vacuously stable. Indeed, take a
canonical p and a p-stabilising permutation 7 € Gj. Since all the elements in p are distinct, yet
7 ® p = p, we have that 7 = id. Therefore 7 € G = Go. i

So, in general, stability is strictly weaker than equivariance. Nonetheless, in the presence of an
equivariant canoniser, stability and equivariance coincide.

Theorem 3.25. LetT' + A be an indexed G-action and letT + ¢ : A — G be an indexed canoniser.
Then, c is equivariant iff for every indexed G-action T, x : A + B, every stable core functionT + f : (x :
Can c¢) — B is equivariant.

Unlike before, where only semi-regular actions admitted strictly equivariant canonisers, here
every action admits an equivariant canoniser, although we may need to invoke the axiom of choice.

Theorem 3.26. Using the axiom of choice, every indexed G-action has an equivariant canoniser.

To us, this use of the axiom of choice indicates that identifying symmetry is a creative activity,
rather than a mechanical one.

4 Symmetric algebraic data types

Let us return to the tree lookup function lookup : (¢ : Tree) — InPath t — N from Example 3.2. We
can notice the symmetry in its two recursive cases

Iookup( 7 N )(L ::p) == lookup £ p lookup( .7 N )(R :p) == lookuprp

and define the canoniser on paths by golLeft Nil = goLeft(L :: p) = I and golLeft(R :: p) = F. Then,
lookup can be defined as follows (with dependent types ruling out inaccessible cases):

. . Nil —n
lookup := ([, N ) — wlog [ goLeft, Lip' > lookup £p/

However, note that lookup and the core function are mutually recursive: lookup is defined in terms
of the core function, which then recursively calls lookup on descent. Even though this recursion is
structural, the interdependence through a higher-order function wlog makes it hard to convince
the termination checker. Furthermore, as defined, the function is prohibitively inefficient, as it flips
the whole tree on each step to the right.

We resolve both issues by framing our development in the framework of initial algebras. After
a brief recall of functors and their initial algebras (§4.1), we generalise them to the symmetric
setting (§4.2), show how we can reuse canonisers for traversals over the same constructors (§4.3),
and show how to recover the asymptotic complexity through partial evaluation (§4.4). Finally, we
combine these results with the previous section and adapt data types to the indexed setting (§4.5).

4.1 Initial algebras
In order to treat data types mathematically, we use the initial algebra semantics, in which each data
type signature is specified by a structure functor F : Set — Set. For example, trees over natural
numbers and paths in them from Example 2.4 are given by the following two functors, which
closely correspond to their usual data type definitions:
data Tree = Leaf | Node Tree N Tree data Path = Nil | Step :: Path
FrieeX =1+ X XNXxX FpanX =1+ Stepx X
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Each functor F has an evident component-wise map F : (X — Y) — (FX — FY), for example:

FTree f(ll*) =k FPath f(tl*) =k
Frie f (2 (6n,1)) = 12{f &n fr) Fparh [ (12(d,p)) = 12(d. f p)

An algebra (X, f) for a functor F is a set X together with a function f : FX — X, which
describes the interaction with the constructors. An example Fr..-algebra is the node-counting
algebra (N,c : (1 + N X N X N) — N), given by c(1;%) := 0 and c(1; (my, _,my)) =1+ m; + my. A
homomorphism of F-algebras h : (X, f) — (Y,g) is a function h : X — Y such thatho f =go Fh.

We interpret data types by initial algebras, denoted by (uF, (roll : FuF — uF)), whose defining
universal property is that for every other F-algebra (X, f), there is a unique homomorphism
fold f : (uF,roll) — (X, f). This homomorphism interprets structurally recursive functions. For
example, the initial Fr,..-algebra, which we label by (Tree, rolly,c.), satisfies:

rolltee t1%x = Leaf rolltee 1o (€, n,r) = Node £nr

When readability is more important than precision, we are going to elide roll, and identify e.g. ;%
with Leaf, and 1, (£, n,r) with Node fnr.
For a given F-algebra (X, f), the universal property of the initial algebra becomes the recurrence:

fold f Leaf = f(11%) fold f (Node ¢nr) = f (i, (fold f ¢,n,fold fr))
Through the algebra (N, ¢), we can compute the number of nodes in a tree ¢t by fold ¢ ¢ since

fold c Leaf =0 fold c (Node £¢nr) =1+ foldct +foldcr

4.2 Initial equivariant algebras

We could transfer our framework to the context of data types by equipping the initial F-algebra
with a G-action (®) : G —» puF — pF. However, that is not ideal, as it does not tell us what to do
for other F-algebras. Instead, we take a more refined construct that describes the interaction of the
group with the data type constructors:

Definition 4.1. Let G be a group. A G-symmetry-strong functor F = (E, stG:F>, or a G-strong functor
for short, is a functor F : Set — Set together with a G-symmetry strength st”", or G-strength for
short, which is a natural transformation st;*f : (G X FX) — F(G x X) satisfying

sty(e,u) =F(x = (e,x)) u
StX(g * h’ u) = £(<gl’ h,,x> = <9/ * h/’x>)(SthX(ga Stx(ha u)))
forallu € FX and forallg,h € G.

Note that unlike group actions, symmetry strengths also feature the group in the codomain,
which allows us to specify how to act on particular sub-terms.

Example 4.2. We can imagine two different S;-actions on trees, one that recursively flips the
whole tree, and one that flips only the top node, with corresponding strengths:

F® , / _[ "~ , Fo' , / _| "~ ,
Ve N Ve N Ve N Ve N
1 4 4 1 1 4 1 4
st (F,Node £nr) := Node (F,r)n{F,t) st’ (F,Node £nr) := Node (I,r)n{(I,¢)

The first strength propagates F to the subtrees, while the second strength does not by pairing
with I.
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We only need to define the action for F since the first axiom forces the strength at (I, u) to
be F(x — (I,x))u, i.e., st (I,Node fnr) := st’ (I, Node fnr) := Node (I, £)n(I, r). For leaves, we
define both strengths to act trivially st (g, Leaf) := st’ (g, Leaf) := Leaf. O

Remark 4.3. The notion of a symmetry strength is related, but different from the usual Cartesian
or monoidal strength. Recall that a Cartesian strength for a functor F : Set — Set is a natural
transformation st;f : ' X FX — F(I' X X) satisfying st; , (%, u) = F(x = (k,x))u for all u € FX,

and StFXA,X((Y’ d),u) = F(y',&',x) — (y,0),x)) (Str,AxX(Y’ sty x (3, u))) forally € T, and

§ € A. Every Cartesian strength is also a G-strength, which leaves constructors as they are and
propagates the same group element into the sub-terms. For example, for trees, it acts as:

sty (y, Leaf) := Leaf sty (y,Node £nr) := Node (y,£) n{y,r)
We use G-symmetry strengths to lift any action on X to an action on FX:

Lemma 4.4. Let G be a group and F a G-strong functor. Then, for every G-action A, we have a
G-action FA given by:
FA Sta F(®")
FA=FA  (9'"):CxFA—>F(GxA) ~= FA
Furthermore, if h : A @ B is equivariant, so is Fh : FA e FB.

Example 4.5. The two tree symmetry strengths from Example 4.2 induce the two expected actions:
action induced by the first strength flips the node and propagates symmetry, while for the second
strength, the action only flips the top node and does not propagate the symmetry further. Cartesian
strengths induce the pointwise lifting of actions. O

Symmetry-strong functors not only lift actions, but as we will see shortly, also uniquely determine
actions on their initial algebras. Even more, the resulting algebra structure and the action are
compatible in the following sense:

Definition 4.6. Let F be a G-strong functor. An equivariant F-algebra (A, f) consists of a G-action
A and an equivariant map f : FA @ A, i.e., an F-algebra <4, f > such that:

GxFA—St L paxa) —E) L gy

idxfl = lf

GxA - A
(®)

An equivariant algebra homomorphism h : (A, f) e (B, g) is simultaneously an F-homomorphism
h: <é, f) - <1_3, g) that is also equivariant h : A e B.

Recall that initial algebra semantics supports a modular account of data types [27]: coproducts
of functors are given pointwise, and an algebra for the coproduct functor is given by an algebra
structures for each functor over the same carrier set. This modularity extends to symmetry-strong
functors and their equivariant algebras:

Proposition 4.7 (modularity). Let F, F, be G-strong functors with symmetry strengths st,, st,. The
cotupled map [st,, st,| (g, 1x) = 1st, (g, x) is a G-symmetry strength for the coproduct functor
F, + F,. Moreover, given an action A, an equivariant algebra f : (F; + F;)A @ A for this strength
amounts to a pair of equivariant algebra structures f; : F;A e A.
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Using (cf. Appendix E) an appropriate notion of parameterised initiality originally proposed by
Bird and Paterson [5], the symmetry strength lets us equip the initial algebra with an action that
makes it the initial equivariant algebra. Then, to define an equivariant homomorphism h : pF e— A,
we need to define an equivariant F-algebra g : FA e— A, which we can do using the established
w.l.o.g. construction.

Theorem 4.8 (equivariant initiality). Let F be a G-strong functor and roll : FuF — pF the initial
algebra of F. Then, there is a unique action uF = (pﬁ, (@“F)> satisfying

st F(@"")
G x FuF ——— F(G x pF) ——— FuF
id x rolll = lroll
G x pF . > pF
(®"")

making (uF, roll) into an initial equivariant F-algebra: for any equivariant F-algebra f : FA e— A,
the unique F-homomorphism is equivariant: fold f : pF e— A.

Example 4.9. To see all the modular building blocks in action, define the path lookup function
from Example 2.4. The mirroring symmetry of the type Path is captured by the strength:

st”@h (g, Nil) := Nil st (g d:x) = (9@ d) = (g,x)
and we can compute that the action given by Theorem 4.8 satisfies:

g® (d:=p) =((®) o (id x roll)) (g, 12 {d. p)) ? (roll oFp (®) o st) (g, 12 {d, p))

strength def
equivariant algebra

1
= (roll oFp (®)) (12 (g ® d, (g, p))) =r0ll(1, (g ® d.g® p)) = (g ® d) g ® p

A similar calculation for Nil shows we get the expected action for Path, and a similar set of
calculations shows we get the expected recursive action for Tree from the propagating strength
from Example 4.2. We now construct lookup and simultaneously show it is equivariant as a map
Path @ (Tree — Maybe N). By Theorem 4.8, we can instead define an equivariant algebra:

|00kupElim : Fpath (Tree = Maybe N) e (Tree — Maybe N)

Thanks to the Modularity Proposition 4.7, it suffices to define two equivariant algebra structures
for each case of summand of Fp,, =1 + Step X —.
The Nil summand’s algebra structure Iookupﬁlillnrl : 1 e (Tree > Maybe N):

Iookupﬁliilm * Leaf := Nothing Iookupﬁliilm * (Node £nr) = Justn

To show that looku p,F(}iilm is equivariant, we refer to the fact that currying preserves equivariance,

and calculate the behaviour of the uncurried version on the only interesting case:

lookupmm(F ® (x,Node fnr)) = lookupﬁlii]m(*, Node (F® r)n(F® £)) =Justn =F ® Justn

For (::), define the algebra Iookup]f}:i;m : Step X (Tree —» Maybe N) @— (Tree — Maybe N). Here,

we use w.l.o.g. reasoning, as stepping right is the same as stepping left on the flipped tree with the
rest of the path flipped. Define the Step-canoniser ¢’ : Step @ S,™! that ensures canonical steps
are left steps,i.e. ¢’L = I and ¢’R = F. Then, extend it to a canoniser c for the whole domain through
projection via Lemma 2.8. Its canonical elements are the tuples (L, f), where f is the recursive
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call we make when traversing (necessarily left). Thus, we eliminated the symmetric cases in the
following core function lookLeft : Can ¢ — Maybe N:

Leaf — Nothing

lookLeft (L, f) =
ookLeft {L..f) {Node[nr - ft

Now, we only need to assemble the pieces. As ¢’ is strictly equivariant, so is ¢ by Lemma 2.22, and by

Theorem 2.17, all core functions are equivariant, including lookLeft. Thus looku p%h)m is equivariant

Elim

by Theorem 2.13. By Proposition 4.7, so is lookup™"", and by Theorem 4.8 so is lookup. O

4.3 Data type traversals w.l.o.g.
The steps in Example 4.9 are common, and we often traverse a data type in different ways but with

the same canoniser. In this section, we present reusable abstractions that streamline these steps.

Definition 4.10. Let T be a G-action, and F a G-strong functor. A canoniser for F is a natural
transformation cx : FX — G. Each such canoniser induces the canonical elements functor:
Canc:G-Act — Set (Canc)A = Canpscy = {(céu) @ u|u € M} (Canc)h:u+— (Fh)u

A canoniser ¢ thus induces a natural assignment of canonisers c4 : FA — G for each lifted
G-action FA. The naturality condition means canonisers are determined by their component at the

singleton 1, i.e., by a canoniser for F1. The unique extension of such a canoniserc1 : F1 - Gtoa
F()

canoniser for F is given by the following composition cx : FX — F1 BN G.
Example 4.11. The S,-strong functor Fp,, has the canoniser (cf. p. 18) and canonical elements:
golLeft Nil := I = goLeft(L::p) goLeft(R:p):=F Cany goleft == {Nil,L::a | acA}l O

We can now streamline the data we need to specify to traverse a symmetric data type using an
algebra, or to reason about such traversals using symmetry:

Definition 4.12. Let F be a G-strong functor and ¢ : F — G a canoniser for it. A c-core F-algebra
(A, f) consists of a G-action A equipped with a function f : (Can ¢)A — A. It is equivariant when
f is equivariant f : ((Canc)A € FA) = A. A homomorphism of equivariant c-core F-algebras
h:{A f) — (B,g) is an equivariant map h : A e B satisfying: h(f u) = g ((Can c)hu).

We can rearrange the constructs in Example 4.9 using these concepts:

Example 4.13. We have the following equivariant golLeft-core Fp,;,-algebra:
lookup©™® : (Can goLeft)(Tree — TrivMaybe N) — Tree — TrivMaybe N = (Tree — Maybe N)

) Leaf — Nothing Leaf — Nothing
Nil —

Nodefnr +—n

(L : (Tree = Maybe N)) — {

Nodefnr > rect
These ingredients streamline the steps of Example 4.9, using the portmanteau fold wlog:

wlog(ca,f) fold wlog(ca,f)
(CanFA ca =(Canc)A EN é) — (Fé —ﬂj—(—) 4) — (ﬂogA(c,f) : uF —Oﬂ—) A

We chain Theorem 2.13 and the Equivariant Initiality Theorem 4.8:

Theorem 4.14 (core initiality). Let F be a G-strong functor, roll : FuF — pF an initial algebra of F,
and ¢ a canoniser for F. Then restricting roll to canonical elements makes uF into the initial c-core
F-algebra roll : (Can c)uF e— uF: for any equivariant c-core F-algebra f : (Can c)A e— A, the
unique equivariant c-core F-algebra homomorphism into f is: flog(c, f) : uF e— A.
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This theorem implies, for example, that the lookup function from Example 4.13 is the unique
equivariant goleft-core Fp,,-homomorphism given by flog.

Example 4.15. We reuse the canoniser to define the subtree projection function

subtree := flog(goLeft, subtree®™) : Path &— (Tree — Tree)

subtree“®™ : (Can golLeft)(Tree — Tree) o (Tree — Tree)
Leaf Nothi Leaf Nothi
Nil > -2 > Nothing (L :: Tree —> Tree) @ T orhing
Node fnr > Just(Node £nr) Node £nr > rect

4.4 Mathematical foundations for performance engineering

By unfolding the definition of lookup, we can compute its behaviour on the symmetric case, recalling
that the exponential action conjugates, (9 ® f)(a) =g ® f(g7' ® a):

lookup (R :: p) (Node £nr) = (fold(lookup®™™) (R :: p))(Node £nr)
= (lookup™™ (15 (R, lookup p))) (Node £nr) = (F ® lookLeft (L, F ® lookup p) ) (Node £nr)

=F® (IookLeft (L,F ® lookup p) (Node (F® r)n (F® f)))
=F® ((F® lookupp) (F® r)) =F & (F® (lookupp (F® F ® r))) = lookup p r

This is the result we want, but in the process, it first flips the whole tree Node ¢ nr and then flips
the remaining subtree F ® r back to r. This effect is compounded for subtree, where we flip the
input tree on every symmetric call, and then flip the result on the way back. Naively implementing
the functions lookup and subtree might retrace these steps computationally, leading high time and
space complexity. In this section, we demonstrate three techniques that reduces this overhead.
Faithful to our motivation, here we only develop the mathematical foundations: demonstrating
which mathematical structures underlie the efficient implementation. We want to explore tools for
systematic performance engineering in future work based on these foundations.

We employ three different techniques. First, instead of working with S;-action over Tree, we use
the free S;-action S; X Tree. As we will see, this design accumulates the symmetry and leaves the
tree unchanged. Second, as we traverse the input Path, we also pattern-match on the tree. We will
use the S,-strength to do so, giving us the appropriately symmetric perspective on the data structure
Sz X Tree. An implementation that employs this technique exhibits performance that is similar to
parameterised implementations, but uses symmetric programming. Employing these techniques,
we define an auxiliary function subtree®™ : Path — (S; X Tree @ S; X Maybe Tree). While we
could implement subtree p t = let (g, s) = subtree®™ p (I,t) in g ® s, the final multiplication is not
necessary. Using the Core Initiality Theorem 4.14, we will show that if (g, s) = subtree™ p (I, 1),
then necessarily g = I, and so we may implement subtree p ¢ := 7, o subtree™ p (I, ).

Delayed evaluation with free actions. We use a general principle from modern partial evaluation
folklore. Instead of performing an expensive operation repeatedly, axiomatise its properties and
design an efficient implementation for its free algebra. Then evaluate the free algebra back into the
desired structure after partial evaluation. In our case, the free action S, X Tree is efficient enough for
our purposes. Accordingly, we define a goLeft-core Fp,,-algebra over Sy X Tree — S, X Maybe Tree.

(De-)construction of auxiliary data types with their G-strength. The subtree function deconstructs
the tree alongside the input Path. If we used the delayed evaluation technique, we no longer
have a tree that’s compatible with the given path. Instead, we have a pair (g, t), and it is the tree
g ® t that is compatible with the given path. The crucial observation is that we only need the top
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constructor from the tree. We can therefore use the S,-strength for Fr... to obtain st(g, unroll ¢)
from Friee (Sz X Tree). Whether the tree in question is flipped or not, applying the strength ensures
the correct sub-structure resides in the left sub-tree.

Combining the two techniques, we define the following golLeft-core Fp,,-algebra:

subtree®™C°™ : (Can goLeft) (S, X Tree — S, X Maybe Tree) — (S; X Tree — S X Maybe Tree)

Nil o [(g, 1) s { VOIS (s (g,) = Leah)
(g,Justt) otherwise

rec{ge, £) (st{g,t) = Node{g,, £)n{gr,r))

This goLeft-core Fp,i,-algebra is equivariant. The only case that needs checking has the canonical
paths Nil, and F ® Nil. We show that F ® subtree®*° Nil (g, t) = subtree®*“°™ Nil (F g, ). If
st (g, t) = Leaf, then by the strength axiom, st (F = gt, =) Fp,i,(®) st(F, Leaf) = Leaf. The proof
obligation follows: LHS = F ® Nothing = Nothing = RHS. If st (g, t) = Node (g, £)n{g, r), then by
the strength axiom, st (F * g, t) = Node (F * g,, r)n(F * g, £), i.e., both sides take the second branch.
The proof obligation follows too: LHS =F ® (g, Justt) = (F ® g, Just t) = RHS.

We can now define subtree®™ := flog(goLeft, subtree®* ™) We have equivariant core algebras,
and by the Core Initiality Theorem 4.14, we can relate the auxiliary definition with our target defini-
tion (®M2YPe Te¢) osubtree™™ p (g, t) = subtree p(g®'"t). Similarly, we have subtree®™ p(g,t) = g.
These results show that subtree p t = m; (subtree®™™ p(I, t)). An implementation following this
design never flips the tree. For example, when ¢ # Leaf, we have:

Nothi t (g, t) = Leaf
(L::ngTreeﬁsszree)r—)(<g,t>H{ othing  (st(g,t) = Leaf) )

subtree(R :: Nil)(Node ¢ nr) = m; (subtree®™(R :: Nil) (I, Node ¢ nr))

= (F ® subtree®™ O™ (L :: subtree®*Nil) (F, Node ¢ nr))
= 1, (F ® subtree®*Nil (F, £)) = my (F ® (F,Just £)) = (I,Just £) = Just ¢

There are further opportunities for optimisation in this specific example. For example, the result
symmetry is never used. It is merely a reasoning device for the correctness of the implementation.
In other examples, the result symmetry may be relevant. Our goal is to demonstrate how the lion’s
share of the overhead can be removed by general principles. We leave a systematic account of
performance engineering to future work, implementing these ideas and evaluating them empirically.

4.5 Indexed data types

Thanks to the generality of the initial algebra semantics approach, the dependently-typed devel-
opment follows the same lines, but also uncovers nuances that degenerate in the simply-typed
case. For example, the notion of a symmetry strength is phrased, not w.r.t. the Cartesian product,
but w.r.t. the free action over a family. In the simply-typed case these notions coincide, but in
the indexed case they differ. Once we explicate this structure, much of the development amounts
to repeating the simply-typed development with the adjective ‘indexed’” peppered throughout.
Appendix B repeats the development, and we describe the changes here. Fig. 1 summarises the
difference between the simply typed theory and its dependently typed counterpart as follows.
Where appropriate, we also describe the categorical concept.

Although the categorical theory does not capture all concepts, e.g. canonisers, it suffices to assign
to almost concept its type. The theory includes indexed versions of the Modularity Proposition 4.7,
the Equivariant Initiality Theorem 4.8 and Core Initiality Theorem 4.14.

, Vol. 11, No. MSFP, Article 8. Publication date: July 2026.



1177
1178
1179
1180
1181
1182
1183
1184
1185
1186
1187
1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225

Mathematical Foundations for Symmetric Programming 8:25

simply-typed concept dependently-typed concept categorical concept
Set Famr category C
functor F : Set — Set functor F : Famp — Famr functor F: C — C
free G-action monad free I'-indexed G-action monad monad structure T over T : C — C
TX =GxX TCrX)=TrGHX
G-action I'-indexed G-action T-algebra
G-strength I'-indexed G-strength monad-functor distributive law
st: GX FX — F(G x X) st : G [ (FX) — F(G [¥ X) st : TF — FT
functor SX =G —» X functor SC+X) =T+G X right-adjoint T 4 S
parameterised traversal indexed parameterised traversal parameterised fold
pfold (FXLX) pfold (FXL)X) pfold (FXLX)
GXpPF ——— X GEpF ——— X TuyF ——— X
equivariant F-algebra indexed equivariant F-algebra F-algebra for lifted functor
f:FAe— A f:FAe— A F:¢cT - T
canoniserc: F —» G indexed canoniser ¢ : F — G
canonical elements canonical elements canonical elements Canc: CT — C
Canc : G-Act — Set Canc : G-Actr — Famp

Fig. 1. Summary of symmetric data type theory

We generalise from the category Set to Famr, the category of I'-indexed sets and vertical maps.
The main technical device we use to generalise from Set to Famr is the free I'-indexed G-action
adjunction between Famr and G-Actr—the category of I'-indexed G-sets and vertical equivariant
maps. Its monadicity means we can capture its structure categorically, and we use the existence of
a right adjoint S to the resulting monad T over Famr.

For G-action T, we define, for each I'-family X, the free I'-indexed G-action over X:

(g:G)xg® XY =(g9:G) X Xg19y g®, <h,x : Xhﬂ@y) = <g *h,x : th@gfl@g@),)

We also define (g : G) — g~ ! ® X, the cofree I'-indexed G-action over X. Its fibres are the dependent-
function fibres (g: G) = g™' ® X = (g9: G) — Xyay, defined by:

9®, (¢: (k:G) = Xeay) =h f(hxg) € (h:G) = Xnagoy
They are the two adjoints to the forgetful functor from I'-indexed actions to I'-indexed families:
Theorem 4.16. Fora G-actionT and familyT + X, the mapT + x — (e,x) : X — (g : G) X (¢ ® X)

is the universal T'-indexed G-action over X. The mapT + eval (—e) : (¢§: G) —> ¢! ® X — X is the
universal I'-indexed G-action under X. The resulting two adjunction are (co)monadic.

This theorem generalises the non-indexed case, where G x X has the structure of the free
G-action over X. The existence of the adjoints and their (co)monadicity follow from abstract
reasons. Let 55 F be the Grothendieck construction for a presheaf F : C°? — Set; |C| be the discrete

category underlying a category C, and C the presheaf category of C. Considering the G-action
I as a presheaf over the category with one object and morphisms the G-elements. We then have
the following two equivalences. First, I'-indexed actions are equivalent to presheaves over f r

G-Actr = f I'. Forgetting the functorial action then recovers the category of T'-indexed families,

a presheaf category itself: Famr =~ 55 T = | 55 F| . The forgetful functor G-Actr — Famr arises as
precomposition by J : f I | yg I“\. Consequently, the two adjoints are given by (co)end formulae,
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P =G
‘ (9:G) xg®— ' l
Famp G-Actr Famp
\/ — \_/
T g:G)—g
FE =G F

Fig. 2. Categorical situation for indexed G-action

and their monadicity follows by surjectivity of this functor [9, Prop. 1.1]. This situation is exploited
by Fiore and Szamozvancev to account for mathematical and computational representations of
abstract syntax with binding and substitution [10, 11, 28]. One can use the coend formula to calculate
the explicit descriptions we gave the two adjoints. We show directly (cf. Appendix F) that these
descriptions are the adjoints, and for completeness, we also show monadicity and comonadicity
using Beck’s theorem. We then have the situation in Fig. 2. Therefore, P is a monad, E is a comonad,
and P 4 E. Moreover, P2 := Po P 4 E%.

5 Conclusion
5.1 Related work

W.lLo.g. in theorem provers. Given that w.l.o.g. is a common phrase in mathematical proofs, it
comes as no surprise that several major theorem provers feature a similarly named concept. What
is more compelling is that the treatment is far from uniform, pointing toward a missing uniform
foundation, which this paper aims to provide.

For example, both the Rocq library SSReflect [15], and the Lean 4 Mathlib [29], define tactics
named wlog, which cut in an additional statement 1 when proving ¢. The former tactic® creates
an additional subgoal (¢ = ¢) = ¢, while the latter® additionally assumes —/, adding a subgoal
(¥ = ¢) = — = ¢. In both tactics, the additional assumption i can be arbitrary and not tied to
any particular symmetry, so it could be worth investigating how many of its uses correspond to
the assumption of canonicity in our framework.

At the other end of the spectrum, Agda Stdlib defines’” wlog : (V(ab : A).aRb = Qab) =
(Yab.Q ab) for any total relation R and a symmetric predicate Q. Here, we have a swapping S,-
action on the domain A X A, while Q provides an appropriate indexed action on the codomain. The
canoniser is implicitly encoded by the totality of R, and the assumption exactly corresponds to our
core function. A similar setting is used as an example in Dijkstra’s [1997] critique of the w.l.o.g.
arguments without an explicitly given underlying symmetry.

A richer collection of symmetries can be found in Harrison’s [2009] seminal paper on w.l.o.g.
tactics in HOL. In addition to the tactic discussed in §3.3, Harrison develops four additional tactics
for w.l.o.g. reasoning in geometry, using a bank of results about invariance and equivariance of
various operations under translations and orthonormal transformations. Three tactics are immediate
special cases of our principle, while the fourth one is a reduction from a predicate on points of the
form (x,y,0) € R® to a predicate on R?.

5R()Cq Reference Manual: https://rocg-prover.org/doc/V9.2.0/refman/proof-engine/ssreflect- proof-language html#rocq:tacn.wlog
%Mathlib4 documentation: https://leanprover-community.github.io/mathlib4_docs/Mathlib/Tactic/ WLOG.html
7Agda Stdlib: https://github.com/agda/agda-stdlib/blob/c2abce1b8e72ccae49f73791d0996eaf23674357/src/Relation/Binary/Consequences.agda#L.197
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In that sense, our work is revisionist: we do not account for all previous principles named wlog.
Instead, we offer a crisp criterion by which one can distinguish between w.l.0o.g. arguments based
on symmetry and other, more general reductions.

Symmetry in programming languages and type theory. A close topic in programming languages
is nominal logic, an established approach to treating bound variables, in which a-equivalence is
represented with the group of (finitely supported) permutations of atoms acting on terms built
from such atoms [24, 25]. A possible application of our work would be to treat w.l.o.g. assumptions
of atom freshness in proofs of correctness. Another could be symmetry strengths, as the changing
of the group element when descending into a data type might capture the way the renaming
permutation changes when one introduces fresh names while moving under a binder.

Another possible connection is the work of Atkey [1] on using parametricity and Noether’s
theorem to derive invariants of physical systems. A shared theme is identifying the group actions
that describe a system’s symmetries. However, applying Noether’s theorem requires a notion of
differentiation, which is not present in our general setting. One direction for future work is to
investigate which of our action combinators can be translated to smooth-manifold settings, and
whether they can serve as compositional operators for building physical systems.

A more recent development on symmetries in programming is a Hoare logic for symmetry
properties by Mehta and Hsu [23]. It features triples that relate the symmetries of preconditions
to those of postconditions. In particular, a triple of the form (G, A)C(H, B),, uses a G-action A to
capture symmetries of input states and an H-action B to capture symmetries of output states after
executing the program C. The program C is required to be equivariant with respect to a group
homomorphism ¢ : G — H. More precisely: Vg € G,a € A.C(g ®" a) = ¢(g) ®” C(a). Beyond
general action constructions such as (non-dependent) products and pre-/post-composition, the
paper develops a forward-reasoning system that simultaneously derives an action on the output and
proves the equivariance of C. As we move from mathematical foundations toward more practical
symmetric programming, it will be interesting to adapt these rules to our setting to ease the
construction of the group actions required by the w.l.o.g. construction.

Symmetry elsewhere in computer science. Computer science is vast, and group theory is pervasive,
so there are many points of contact between the two. Rather than attempting a comprehensive
review, we highlight a few representative areas and point to recent surveys for further reading.

In computer algebra and computational group theory, groups are both the object of study and
a computational resource, shaping algorithm design and complexity analysis in areas such as
permutation-group algorithms and constructive recognition [17, 26]. The concept of canonical
labelling from nauty/Traces [22], which finds the vertex permutation mapping a graph into its
representative element w.r.t. graph isomorphism, exactly matches our canonisers. It is worth
investigating how many algorithms building on it fit into our w.l.o.g. pattern.

In constraint programming and satisfiability, symmetries have long been a central concern. A
large body of work studies symmetry-breaking techniques, which add constraints that rule out
symmetric solutions while preserving satisfiability [14, 18, 30]. More recently, in machine learning,
symmetry appears both as an architectural prior (equivariance and invariance) and as an analysis
tool. In computer vision in particular, it supports tasks such as recognition, reconstruction, and
compression of geometric data [3, 7, 32].

5.2 Future work

As the title suggests, the aim of this paper was to lay common foundations for two future directions.
The first is refining the developed modular mathematical abstractions into practical programming
constructs. We plan on implementing more involved examples (e.g. a full set of operations on

, Vol. 11, No. MSFP, Article 8. Publication date: July 2026.



1324
1325
1326
1327
1328
1329
1330
1331
1332
1333
1334
1335
1336
1337
1338
1339
1340
1341
1342
1343
1344
1345
1346
1347
1348
1349
1350
1351
1352
1353
1354
1355
1356
1357
1358
1359
1360
1361
1362
1363
1364
1365
1366
1367
1368
1369
1370
1371
1372

8:28 O. Kammar and M. Pretnar

self-balancing binary search trees) to guide us both in terms of efficiency, as well as on how to
most ergonomically present groups, actions, canonisers, core functions, and equivariance to the
programmer. For example, immediate canonisers (see Proposition 2.20) could admit an interface
similar to lazy constructors [19], where we extend a data type definition with non-canonical
constructors together with their non-trivial canonising symmetries, but list only canonical cases in
pattern matching, since the non-canonical ones are covered by the w.l.o.g. construction.

The second direction is to mechanise our development in a proof assistant. We already explored
the landscape by building two prototypes in Idris and Lean. Having a clean mathematical resolution
of issues that surfaced, such as termination and efficiency, we can now return to a proof assistant:
not to increase confidence in the correctness of the results, but to develop a library of reusable
results and lay a foundation for future mechanisation work.
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Supplementary material

We proceed as follows:

e Appendix A evaluates a proof-of-concept implementation of dependently-typed symmet-
ric programming. The main goal is to determine whether the performance engineering
techniques of §4.4 can eliminate the asymptotically significant overhead that symmetric
programming incurs.

e Appendix B presents the theory of symmetric indexed data types, as it follows almost
identical structure to its simply-typed counterpart.

e Appendix C contains further details about the simply-typed w.l.o.g. construction (§2).

e Appendix D contains further details about the dependently-typed w.l.o.g. construction (§3).

e Appendix E contains further details and proofs about symmetric simply typed data types
(§4.1-§4.4). This material is a special case of its dependently-typed counterparts. Much
of it can also be done more abstractly and categorically. Here we prove much of it more
concretely and with fewer abstractions to help make the material more accessible.

e Appendix F contains further details and proofs about symmetric dependently typed data
types (§4.5 and Appendix B). Here we give concrete descriptions of additional auxiliary
results, and omitted details from concrete examples.

e Appendix G contains a more abstract category theoretic development that unifies parts of
both theories of data types (cf. summary figure in §4.5).

A Proof-of-Concept: removing performance overheads for symmetric data types

In §4.4 we described techniques for removing some of the performance overhead incurred by
symmetric programming when projecting a subtree. There, we used the free action construction
and the symmetric strength. A skeptical reader may doubt whether these techniques indeed remove
the performance bottleneck. While this is the topic of future work, we include a preliminary
experiment demonstrating that these techniques indeed remove the bottlenecks, and are feasible
even for the dependently-typed setting.

We use Idris 2 [6], a dependently-typed programming language. We implemented a dependently-
typed version of the subtree projection function from Example 4.15. Idris 2 implements a version of
McBride and Atkey’s quantitative type theory [2]. It allows us to ensure some values must be erased
at runtime. We erase indices in indexed actions. Some functions, such as subtree projection, in fact
require this index, and so we use a singleton type. We implemented three functions of the type:

t : Tree + subtree : Patht e ({t} — Tree)
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The function requires little computation, and so most of the computational complexity concerns
the overhead of deconstructing the path and the tree, and projecting out the result. The baseline
implementation includes both L :: p and R :: p cases explicitly. The naive implementation uses
symmetric programming to remove the symmetric case R :: p, but in turn flips the input tree
given via the singleton, and the result. The optimised implementation employs dependently-typed
counterparts to the performance engineering techniques from §4.4. The benchmarks construct
a tree of depth d for d = 11 (including the naive implementation) and d = 10, 000 (excluding the
naive implementation), and then run each implementation for all paths of length 0 < [p| < d. We
use alternating paths of the form R :: L :: - - - :: Nil to make the symmetric programming tests flip
both inputs and outputs in every recursive call. For simplicity, we only used the generic action
for the Path indexed symmetric data type, and did not use a generic action for the simply-typed
Tree. The optimised implementation did use the S,-strength for the functor Fr... : Set — Set when
deconstructing the tree alongside the path. The test harness does not isolate the measurements
from the interference of garbage collection.

Fig. 3 presents sample runtimes from an HP EliteBook 640 14 inch G11 Notebook PC with Intel
Core Ultra 5 135Ux14, 32.0GiB memory, running Ubuntu 24.04.3 LTS. Fig. 3(a) plots the runtimes
of the three benchmarks on a tree of depth d = 11. While the naive implementation can cope with
trees of depth larger than d = 11, the difference in performance to the baseline and optimised
implementation is so large that they are indiscernible in the resulting diagram, and having the
paths run up to length 10 is a nice round number. As we can see, the naive test indeed incurs several
orders of magnitude of overhead, and the optimised version removes much of this overhead. The
shape of the naive test runtime curve may seem surprising, and we suggest partial explanations
below:.

Fig. 3(b) plots the runtimes of baseline and optimised tests for a larger tree of depth d = 10, 000.
The test that uses symmetric programming still incurs overhead. Fig. 3(c) plots the same data
against a log scale to gauge whether this overhead changes the asymptotic runtime. The two graphs
seem to have similar shapes, suggesting the techniques of §4.4 remove the asymptotic overhead.

We explain the shape of the naive test’s runtime as follows. The path of length 0, Nil incurs no
tree flipping, returning the input tree immediately. Accordingly, the test has similar runtime to the
other tests. Every recursive call with tree ¢, flips the tree ¢ and the result s. The longer the path,
the smaller the result s. For the path of length 1, we flip a tree of depth 11 on the input and a tree
of depth 10 on the output. For the path of length 2, we flip a tree of depth 11 and a tree of depth
10 on the input, but flip a tree of depth 9 twice on the output. And so on. This account does not
incorporate the overhead of memory allocation. The initial tree representation shares the same
subtree for both children at every node. Once the naive implementation starts flipping the tree, this
sharing is lost, incurring a large memory footprint, and potentially spends some time on garbage
collection. This may have averaging effects on the curve. Further experimentation and analysis are
needed to fully explain the curve.

We conclude with some qualitative analysis of the experiment. While the symmetric code never
considers redundant symmetric cases, it requires substantial infrastructure. Much of the symmetric
programming code is, however, shared between the two benchmarks: the structure functors, their
strength, their canonisers, and relevant McBride and McKinna views [21] for convenient pattern-
matching on the canonical elements. This suggests that additional examples could amortise the
cost of the development. Further experimentation should also identify the right programming
abstractions to alleviate layers of nested pattern matching and Idris 2 specific plumbing.
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B Indexed algebraic data types

In §4.5 we summarised the changes to the simply-typed development of symmetric data types. In
this appendix, we spell the theory out in full detail, for completeness.

To extend the theory to indexed data types I' + D, we use endofunctors Fp : Famr — Famr over
the category Famr of families indexed by a set I' and vertical maps between them. The data type
D denotes an initial Fy-algebra T I roll : FbD — D. As in the non-indexed case, we equip those
endofunctors with a symmetry strength relative to an ambient G-action T" = <£, (®)> on the set
of indices. This strength will be a certain natural transformation st : G [ FpX — Fp(G ¥ X),
where (G [¥] —) is the functor part of the free I'-indexed G-action monad. Initial algebras for such
endofunctors enjoy an indexed version of the parameterised initiality and representation theorems,
and stating and establishing those is our main goal.

We’ll use the indexed family ¢ : Tree + InPath ¢ as our running example, but unlike Example 3.2,
we avoid the redundant cases through symmetric programming. As our endofunctor, we take:

(FInPathX)Leaf =0 (FInPathX)Node enr = Nil | L=X, | R:X,

(F f)uNil := Nil (Ffu(L:x) =L fix (FHuR:=y) =R fry
(where: t : Tree f: X — Y, u =Node ¢nr)

The initial algebra has as carrier Fj,p,h, is ¢ : Tree + InPath ¢ from Example 3.1.
We denote the multiplication of the free I'-indexed G-action monad P by:
(@) :GEGEX) > GEX (g (hx: Xpipgiay)) = <g *h % X(g*h)_1®y>
It is the functor (G[#]) that generalises the notion of strength to the indexed setting:

Definition B.1. Let I' be a G-action and F : Famr — Famr be an endofunctor. An I'-indexed
G-symmetry strength is a natural transformation st : G [ FX — F(G [ X), satisfying:

st,(e,u) = F(x — (e, x))u F(®) o st(g,st(h,x)) = st(g = h,x)

Example B.2. We define an S;-symmetry strength for t : Tree + InPath . Only the F case is
interesting, as the first strength axioms forces the definition for I:

stinPath <F, Nil : InPath PN > == Nil : InPath( N )
n ) For F@ ¢ ¢ r
RN
{ r

st (F,La(x: Xr@r)) = Ru(Fx : Xer) € (Finparn (G [ X)) .
- N
t r t r

stlnPath (F,R:(x: Xegyr)) -
n
[ )
To prove the second strength axiom, only the case g := h = F is interesting though straightforward:
F(m) o st(F, st(F,Nil)) = F(®) o st(F, Nil) = F(@)Nil = Nil
= st(F = F, Nil)
F(&) o st(F,st(F,L:x)) =F(®) ost(F,R:(F,x))
=F@)(L=(F*F,x)) =L=(I,x)=st(F«F,L:x)

L= (F,x: Xr@e) € (Finpath (G X))( n )
7 N\
¢ r

and symmetrically for R :: x. We cannot avoid this symmetric argument using wlog as we are setting
up the symmetric action by defining the strength. Later uses of wlog will exploit this work. O
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The appropriate category-theoretic concept that abstracts this notion of strength is a monad-
functor distributive law, and we will use this perspective in our category theoretic development in
Appendix G. As may be clear, when 1 X is a single-fibred family, 1 G [] X is the single-fibred
family G x X, subsuming the simply-typed case.

The following lemma justifies checking only the interesting cases, as we did in Example B.2:

Lemma B.3. Let st be the structure of an indexed G-symmetric strength, satisfying the first axiom.
Then the second axiom holds when either g = e orh =e.

Our main initiality theorem uses an indexed notion of equivariant algebras (cf. Definition 4.6):

Definition B.4. Let I be a G-action, F : Famr — Famr an endofunctor equipped with a symmetry
strength. For every indexed action A, the lifted action is given by:

FiA=FA  g®, u:=F(®)stg, (g1

An equivariant F-algebra (A, f) for an endofunctor equipped with a symmetry strength, consists
of an indexed action A equipped with an equivariant algebra structure I' + f : F4A e—> A. An
equivariant F-algebra homomorphism is then a family map between the carrier families of two
such algebras that is simultaneously equivariant and F-algebra homomorphic.

We generalise the Equivariant Initiality Theorem 4.8 to indexed families:

Theorem B.5 (indexed equivariant initiality). Let roll : FuF — pF be an initial algebra for a
functor F over T'-indexed families with a G-symmetry strength st : G 5] FX — F(G [#] X). The map
(®) : G| uF — pF is the unique such map satisfying g ® (roll u) = roll(F(®)(st(g, u))). It makes
(uf,roll) into an initial equivariant F-algebra: for all equivariant F-algebra (A, f : F4 A @ A), the
F-homomorphism into A is equivariant: fold f : uF e— A.

Like its simply-typed variant, the proof of this theorem uses an appropriate notion of parame-
terised initiality originally proposed by Bird and Paterson [5].

Example B.6. The action induced by the Indexed Equivariant Initiality Theorem B.5 satisfies:
F® (L::R::Nil) =roll o F(®) st(F,L:: (R Nil)) =roll o F(®)(R :: (F,R :: Nil))
=R:(F® (R:Nil)) =R:=L= (F® Nil) =R:: L Nil
as we may expect from the example at the beginning of §3.2. O

Example B.7. Let’s implement the dependently-typed node lookup function and simultaneously
show its equivariance lookup : (¢ : Tree) X InPatht @ N. We’ll construct an indexed equivariant
map t : Tree + lookup, : InPatht @ N. By the Indexed Equivariant Initiality Theorem B.5,
it suffices to equip N with an equivariant F,p,-algebra structure lookupElim : FlopathN @ N.
Informally, w.l.o.g., the path to the node is either empty or starts with the Left subtree, eliminating
one symmetric case. Formally, define a canoniser by ¢Nil := ¢(L:n) := I and ¢(R:: n) := F. Its
canonical elements are Nil and L :: n. This canoniser is equivariant, but not strictly:

cCFONiD=cNil =TIV F=T«F'=F®cNil
c(F® (L:n)=c(Run)=F=IxF!'=F®c(L:n)

and symmetrically for R :: n. Again, we cannot avoid this symmetry with wlog since we are setting
up the symmetric argument.

Let’s define the core function for the eliminator ¢ : Tree + lookup©°™

:Canc — N:

Iookup%,i’,f;e ennyNili=n lookup?ﬁi}ze tnry(Lup)i=p
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and we do not need to consider the symmetric case. The stabiliser subgroup for N is the whole of
Sz since its action is trivial. Consequently, every core function is stable, and we don’t need to work
out the stabilisers for canonical elements. For completeness, here they are. The stabiliser subgroup
for Nil is the whole of S,, and the stabiliser subgroup for L :: p is the trivial subgroup {I}.

We use the Indexed Representation Theorem 3.12 to show the extended function is equivariant:
lookupElim = wlog(c, f) : FinpathN @ N. )

As in the simply-typed case (cf. §4.3), we reuse the same canoniser for multiple traversals of the
same symmetric indexed data type, and streamline the steps in Example B.7.

Definition B.8. Let I be a G-action, and F be a I'-indexed G-strong. An indexed canoniser for F
is a natural transformation T + ¢ : F — G. Each such canoniser induces the canonical elements
functor Can ¢ : G-Actr — Famr given by:

g=casu,g®d =y,

((Canc)A), = (Canpaca)y = {9 ®5" u u e (FA)s

} (Canc)h:uw— (Fh)u

An indexed canoniser is uniquely determined by its component at the terminal family T + 1.
Example B.9. The indexed S;-strong functor F,p,h has the canoniser (cf.Example 4.11)
goleftyoge e, Nil := I = golefty,gepp, (L p)  goleftyogern, (Ri:p) =F
The canonical elements are:
(Cany goleft) e =0 (Cany goLeft)Nodepnr = {Nil, L:: a\a EANOde[nr} ]

Continuing in tandem with the development of §4.5, we define the data need to traverse an
indexed symmetric data type:

Definition B.10. Let F be a I'-indexed G-strong functor and ¢ : F — G a canoniser for it. An
indexed c-core F-algebra (A, ) consists of a I'-indexed G-action A equipped with a vertical map
T+ f:(Canc)A — A.ltis equivariant when f is equivariant T + f : ((Canc)A C FA) e—> A A
homomorphism of equivariant indexed c-core F-algebras h : (A, f) — (B, g) is an equivariant map
I'+ h:A e Bsatisfying: h(f u) = g ((Canc)hu).
Example B.11. We have the following equivariant goLeft-core F,p,-algebra:
lookup®°™ : (Can goLeft) (TrivN) — TrivN = N
lookupﬁzgee[mNil =n Iookupﬁzrdee[,m (L:(keN)):=k O

Next, chain together the traversal and w.l.o.g. constructions:

wlog(ca.f) fold wlog(ca.f)
I+ (Canpaca = (Canc)A EN 4) — (Fé = A) > (ﬂogA(c,f) : uF — A

And similarly chain Theorem 3.12 and the Indexed Equivariant Initiality Theorem B.5:

Theorem B.12 (indexed core initiality). Let F be aI'-indexed G-strong functor,T + roll : FuF — pF
an initial algebra of F, and c a canoniser for F. Then restricting roll to canonical elements makes puF
into the initial indexed c-core F-algebraroll : (Can ¢)uF ®— uF: for any equivariant indexed c-core
F-algebra f : (Can c)A @ A, the unique equivariant indexed c-core F-algebra homomorphism into
fis:flog(c, f) : uF e— A.

This theorem implies, by Example B.11, that we have an equivariant function:

t : Tree r lookup := flog(goLeft, lookup®™®) : InPath t @ TrivN
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C Simply-typed w.l.o.g.: further details

In this Appendix, we provide further details to §2. Our first proof obligation is a comment we
immediately before Example 2.4:

Lemma C.1 (well-known). Let A and B be G-actions. The exponential A — B in G-Act is given by
the set of functions between their carriers:

A>B=A—B (98 "fl=arg@’f(g' @ a)
eval : (A — B) XA e B eval (f,a) = fa
Proof
We indeed have an action. Unit preservation:
o " fla=¢e’ f¢ ®a)=fa — @’ P F=rf
Action preservation:
(9o "he' " fla=ge’ (he" " f)g @ a)=ga8” (he" f(h & (97 ®" )
g m e’ f((g%h) @' = me " fa
= (9@ The' T H=(grn e TS
Evaluation is equivariant. Calculate:
eval(g@' " (fLa)) =eval((g@" " fg@ta)) = (9@ " f) (9@ a)
=g®" (flg7' @ (9®" ) =g@" (fa) =g &@" eval(f.a)
Given any equivariant map h : C X A e B, its curried map is also equivariant:
equivariance
(9 ®" " curry he)a = g ®” curry h(e;g™' ®@" @) =g ®" h(c,g™' ®" a) : h(g® cg®g' @ a)
=h(ng ®“ c,a) = (curry h(g ®“ c)a

A—B

= g® curry he = curry h(g ®“ ¢)

and so curry h : C @ (A — B). The curried function lifts h along evaluation. Now if we have
an equivariant map g : C > (A — B) that lifts 4 along evaluation, then by the set-theoretic
argument, it coincides with curry h. |

Next, we characterise the canonical elements of canonisers of the form A X B KNy G:
Proof of Lemma 2.8
Take an arbitrary canonical element (c o 1) {(a,b) ® (a,b) € Can (c o m;). We then have

(com){ab) ® (ab) =ca® (a,b) =(ca® a,ca® b) € CancX B
Conversely, given an arbitrary pair {ca ® a,b) € Canc x B, let ' = (ca)™' ® b. We then have:
{ca® a,b) = <ca ®a (cax(ca) ) ® b> =ca®{a,b’) = ((com){a b)) ®{(ab") € Can (com)

Therefore Can (c o ;) = Canc¢ X B. |
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Next, we proof the main equivariance theorem for the w.l.o.g. construction:
Proof of Theorem 2.13
Let us first show that wlog(c, f) is equivariant. Take arbitrary g € G and a € A. By definition and
by the group and action axioms, we can rewrite:

wlog(c, f)(g® a) =c(g® a)™' & fc(g® a) ® (9 ® a))
=c(g®a)' @ flc(g®a)® (¢® (ca)' ® ca® a))
=c(g®a)”' @ f(c(g®a) g (ca)™) @ (ca® a))

Since both ca ® a and ¢(g ® a) ® (g ® a) belong to Can ¢, equivariance of f allows us to rewrite:

=c(g®a)”' @ ((c(g®a) xg+* (ca)™") ® f(ca® a))
=g® ((ca)™' ® f(ca® a))
=g ® wlog(c, f)a

as desired.
Next, let us show that wlog(c, f) extends f. Take an arbitrary canonical element a € Can c. Since
ca ® a also lies in € Can c, action axioms imply:

f is equivariant

l
wlog(c, fla=(ca)' ® f(ca® a) = (ca) ' ® ca® fa=fa

Finally, take an arbitrary ¢ : A @ B that extends f along Can ¢ C A. Then, for an arbitrary
a € A, we have

¢ equivariant @ extends f by definition

1 1 1
pa=¢((ca) ' ®ca®a)=(ca)' ® p(ca® a) = (ca)"' ® f(ca® a) = wlog(c, f) a

as desired. |
The order of the next few results concerning characterisation of strictly equivariant and imme-
diate canonisers from §2.4 differs from the order in which they appear there. Strict equivariance
seem to be a more natural concept to the audience when we present this work, and so the main
body leads with it. Here we first characterise immediate canonisers, and use this characterisation
as part of the proof. This order make it easier to see that we avoid circular reasoning.
We start with immediate canonisers as every strictly equivariant canoniser is also immediate:
Proof of Proposition 2.21
Calculate:

equivariance

clcaxa) =cax(ca) ' =e

as desired. ]
We characterise immediate canonisers via the condition Can ¢ = ¢~ ![e]:
Proof of Proposition 2.20
Take an arbitrary ca® a € Can c. Since ¢ is immediate, we have cca ® a = e,and soca® a € ¢! [e],
thus Canc C c![e]. The converse inclusion always holds. If a € ¢![e], then ca = e and so
a=ca®ac€Canc.
Conversely, let us show that ¢ is immediate and take an arbitrary a € A. We have ca® a € Canc¢
by definition, thus ca ® a € ¢~![e] by assumption, and so c(ca ® a) = e as required. ]
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The next result characterises strict equivariance of canoniser via the equivariance of every
core function. The proof uses the concept of stabilisers that we introduce in §3.4. The proof is
dependently-typed in nature, and it is best understood in the context of §3 and §3.4 in particular.
However, we make the proof self-contained and re-introduce the concepts that are relevant for it.
Proof of Theorem 2.17
First, take a strictly equivariant canoniser ¢ : A — G, and let B be an arbitrary action. We need
to show that every core function f : Canc¢ — B is equivariant. Take a,g ® a € Can c. Since ¢
is strictly equivariant, by Proposition 2.21, it is an immediate canoniser. So by Proposition 2.20,
ca =e =c(g ® a), therefore:

g=gxca=c(g®a)=e
¢ strictly equivariant

and equivariance holds vacuously.

Conversely, assume that every core function is equivariant, and let us show that c is strictly
equivariant. Recall that for every a € A, we define the stabiliser sub-group of a as the set of
symmetries that fix a:

Gy = {sEQ|s®a=a}

Take the following action over the the set of dependent pairs consisting of an element in A and one
of its stabilising symmetries:

Bi=(a:4)xG, g®(as)=(9®asxg")
Indeed, this definition is well-typed because:

(sxgHr(g®a)=s® (g 'rg)®a=s®a=a
It is also an action, since:

e® (a,s) = <e® a,s® e_1> ={a,s)
geh®(as)=(g@h®as+hxg ) =((grh)®@asx(gxh)~")=(g+h) ® (as)
Define:
f:Canc— B fa:={ae)

By our assumption, its w.l.o.g. extension is equivariant: wlog(c, f) : A @ B. Note that this map is
given by:

wlog(f,c)a = (ca) ™ @ f (ca+a) = (ca) " @ (cax a,e) = (a ((ca)™) ") = (a ca)
Now take any a € A and g € G, and calculate:

(9® a,c(g® a)) = wlog(c, f)(g® a) =g ® wlog(c, fla=g® (a,ca) = (g ® a,(ca) xg")

Comparing the two second components, we have ¢ (g ® a) = (ca) *g~! and the canoniser is strictly

equivariant. |
The next result shows that actions that admit strictly equivariant canonisers must be semi-regular,

which makes this condition too strong for some actions:

Proof of Lemma 2.18

Assume g ® a = a. By equivariance of the canoniser, we thus have ca = cg ® a = ca * g~! and by

cancelling ca on the left, we get e = g. ]
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The final result concerns inheriting strict equivariance and immediateness from a canoniser:
Proof of Lemma 2.22
To show strict equivariance, we have that the projection is an equivariant map m; : A X B e— A,
and equivariant maps compose. For immediateness, we calculate

com ((comla b)) *{ab)) =com(caxab)) =com ({ca*a,caxb))

=c(caxa)=e
and so ¢ o m; is immediate when c is. [ |

D Dependent types: further details

We begin by establishing the correctness of the action over the Grothendieck construction [ [ A,
as we will use its properties pervasively, e.g., when extending contexts. B
Proof of Proposition 3.7

Take a I'-indexed action A and define an action on [] 4 A by:

9@ (y:La:A)=(9®r.9®, a:Bg®y)

It is easy to compute that this makes 7; equivariant.
Conversely, given an action [ [ A as in the assumption, define g®, a = m2(g ® (y, a)) and easily
verify that this is indeed well-typed and does satisfy the two conditions for an indexed action. l
The following example lets us work more formally with concrete examples:

Example D.1. The Grothendieck construction extends equivariantly to equivariant terms and
maps. It sends equivariant terms T + ¢ : A to equivariant sections (y — <y, t),>) : T eo [T A
It sends a dependent equivariant function I’ + f : (x : A) — B to the following equivariant map

((y.a) — <y, xn—>a,ﬁ,a>) : r A > [r.aB O

Next, we establish the indexed action axioms for the family of dependent functions, and the
indexed equivariance of related operations.

Lemma D.2. The indexed action structure over the family of dependent functions is an action,
evaluation is equivariant, and currying and uncurrying preserve equivariance.

Proof
Indeed, the action axioms hold by calculating with the correct indices as in the ordinary case.
Similarly for evaluation:

eval(g ®y f= x)g@y,ngGBya =9 ® f(g_l ® g ® a) =9 ® fa =9 ® eval(f’ x)y,x»—m
The bijective correspondence is given as in the set-theoretic case. If t is equivariant, then:

(x: AP ey = (@ g ® Leyxa) = (@ 9@ gy (go (g ®a))

equivariance
=(am g®IG® ty,xt—)(g"@a)) =g® (x:Am t)y

Conversely, if x : A > t is equivariant, then since eval (—, x) is equivariant, # is. |
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We now turn to prove the indexed counterpart to the w.l.o.g. Representation Theorem 2.13:
Proof of Theorem 3.12
We can prove this theorem directly, but it may be more interesting to reduce it to the ordinary
representation theorem. Applying the Grothendieck construction to the situation, we have:

e G-actions [[r A and [ [ .4 B;

e canoniser ¢’ := (y,a) = cya: [[A— G;

we have that Can ¢’ = {(y, a) |a € Canc, v} = LIr Can ¢ (see below);
core function f” := ((y,a) — ((y,xa), fya)) : Canc’ = [l .a B

we have that wlog(c’, f'; (y,a)) = <(y,x»—>a),wlog(c,f)ya>;

the core function f” is equivariant iff f is (by Example D.1);

we have that wlog(c’, f”) is equivariant iff wlog(c, f) is equivariant (see below).

the function term T + g : (x : A) — B extends f along T + Canc C A iff the function
(y,a) = ((y,xa),g,a) : [Ir A — 11 .4 B extends f” along Can ¢’ C [[ A (see below).

The theorem follows by unpacking and re-packing definitions in both directions. Let’s discharge
the outstanding proof obligations.
Let (y, a) be canonical for ¢’, so (y, a) = (c,a) ®(y’,a’). Theny’ = (ca) '®yanda € A(Ca)-1®y,
soa € Canc,y, and so (y,a) € [[r Can c. These implications are invertible, proving the converse.
Next, we show that the Grothendieck construction preserves the w.l.o.g. extension:

wlog (', f'3 (. a)) = (¢' (. @)™ ® f((¢' (y.a) ® (1. @)
= (eya) " @ f((cya) @ (y,a))
()" ® £ {0 ® 1.0 ®a)
(ea) " ® (((cy0) ® y.x-((eya) ® 0)). fie, ey (cya) ® a)
= (30, (60" ® fiymey(c,0) @ a)
= ((y.x—a), wlog(c, f),a)
In addition, by Example D.1, one w.l.o.g. extension is equivariant iff the other is equivariant.
The final bullet point follows by functoriality of the Grothendieck construction. ]
We now establish the bread-and-butter properties facilitating smooth dependently-typed sym-

metric programming and symmetric propositional reasoning. We start with dependent-function
abstraction:

Lemma D.3 (abstraction). Function abstraction of an equivariant termT',x : A+ t : B is both:
e an equivariant termT - x: A t: (x: A) — B.

o an equivariant functionT +F x : At : (x : A) e B.

Proof
Calculate, ignoring indices (as those type-check):

action on

dep. functions abstraction def t equivariant

l ! !
(g ®(x: AP t))y a=g® ((x: A t)(g_l ® a)) = g® ty,x>—>(g‘1®a) = tg@y,m—»(g@g_l@a)

= ty@yxa = (X 1A t)ye,a
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showing abstraction is an equivariant term. It is also an equivariant function, for:

abstraction def t equivariant

1

(x: A t)g@y(g ® a) = ly@yxsg®a =9 ® lyxisa

as we wanted. ]
Substitution using an equivariant substitution preserves equivariance:

Lemma D.4 (reindexing and substitution). Reindexing by an equivariant function 0 : T — A sends
equivariant terms A + s : B to equivariant termsT + s [0] : B [0], and moreover every equivariant
termT v t : B[0] induces an equivariant substitution (6, y—t) : T e— (A,y : B).

Proof

Calculate:
reindexing def 0 equivariant

l
g®s[0], =g ® spy ? Sg@0y = So(g@y) =S [0lgey
s equivariant

and so s [0] is equivariant. Next, calculate:

substitution def t equivariant action on context extension

! l )
(By=t)(g®y) = (0(g® y), y—=tiey) = (0(g® ), y—g ® ty) =g ® (Oy,y—ty)
=g® ((0,y—1t)y)

and so (6,y—t) : T e (A,y: B). |
Dependent pairing also preserves equivariant terms:

Lemma D.5 (dependent pairing). Two equivariant termsT +t : A andT + s : B [x—t] induce an
equivariant termT + t,s: (x : A) X B.

Proof

Calculate:
t, s equivariant

(G® (t,5)y = (9@ 1y .9 ® syxmt,) = (lgoy » Sg@yx(g®1,))
as we wanted. |
We now turn to propositions:

Lemma D.6 (subfamilies). Each equivariant propositionT,x : A+ ¢ : Prop induces an indexed action
on the subfamilyT + {x : A| ¢} that lifts A along the subset inclusions. Equivariant termsT + t : A
satisfying ¢ lift to equivariant terms inhabiting the associated subspace i.e., T v liftt : {x : A| ¢}.

Proof

Equivariance means that if a € A satisfies ¢, then so goes g ® a. Therefore g ® a € {x : A| ¢},
and the action lifts. For equivariance of the lifted term, use injectivity of the coercion function
I'+coerce:=ar>a:{x:A|p} e A

coerce equivariance coercion ¢ equivariant

!

coerceygy (g ® (liftt),) = g ® coerce, liftt, = g ® t, = t4, = coerceyg, (lift t)yey
and so g ® (liftt), = (liftt)ge,. [ ]

, Vol. 11, No. MSFP, Article 8. Publication date: July 2026.



1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009

Mathematical Foundations for Symmetric Programming 8:41

We use these facts implicitly when conducting reasoning:

Lemma D.7. The logical connectives are equivariant (A), (V) : Prop? @ Prop, (=) : Prop e Prop,
as well as the quantifiersV,3 : (A — Prop) @ Prop.

Proof
The logical connectives operate between trivial actions hence equivariant. For the quantifiers,
assume Yt = True, and so, for each a € éy, we have t(g7! ® a) = True, i.e.:

V(ig®t) =Vx.t(g7' ® x) = True

Conversely, if V(g ® t), then by instantiating with g ® a we have that ta = t(g”! ® g ® a) = True.
Therefore YVt = Vg ® t. A similar argument holds for 3, or by use of de Morgan. ]
We conclude our treatment of propositions by explicating how symmetric reasoning w.l.o.g.
often manifests—via a property invariant under the symmetry of interest:
Proof of Lemma 3.17
Take canonical a and g ®, a. By type-checking, g ® fya, f,(9 ® a) prove the same proposition,
namely @y xs(g@a)- Therefore, g ® fra = f,(g ® a). |
In some concrete cases, working with the entire group of permutations incurs a combinatorial
explosion. Group theorists often generate the group from a smaller set of symmetries, and then
only work with those. Recall that a group G is generated by a subset S € G when G is the smallest
subgroup of G containing S, equivalently, when every G-element is the multiplication of a sequence
of G-elements or their inverses. For example, the symmetry group Ss; is generated by the two
transpositions (12) and (2 3). We have an indexed variation of a well-known lemma:

LemmaD.8. LetT + A andT,x : A+ B be indexed G-actions. If S generatesG andT + f : (x : A)—>B
is equivariant w.r.t. symmetries in S, then f is equivariantT + f : (x : A) > B. When B = Prop and
[S]7 C S, it suffices to show lax/oplax equivariance, i.e.:

VgeSVx.f(g®x) = fx)V (Vge S Vx.f(g® x) & fx)

Proof of Lemma D.8
Let H C G be the set of symmetries that f respects. Then S C H. Since f(e ® a) = fa=e ® (fa),
we have: e € H. Take h € H we have:

flh®a)=he (fa) = f(h'@a)=h"'® f(h® (K ®a)=h"'® (fa)
so h™! € H. Take g, h € H and then:
flg=hy®a)=fg® (h®a) =g® (f(h®a) =g® (h® (fa)) =(g*h) ® (fa)

so g+ h € H. Thus H C G is a subgroup containing S, and so H = G.
When B = Prop and [S] ™! C S, by substituting x+¢~! ® a we have:

[s1'cs

fx = flg7'@(@ox) = flg@x)

For the left disjunct, f is in fact equivariant for symmetries in S. Similarly for the right disjunct. H

We now turn to study equivariant canonisers. It turns out that the indexed setting is fruitful
for this purpose. We first show that the indexed action of distinguishable symmetries G/A from
Definition 3.18 is well-defined:

Lemma D.9. Let A be a G-action. The action over distinguishable symmetries G/A is congruent
w.r.t. indistinguishability, hence is well-defined.
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Proof
Assume s; ~ s,. Calculate:

(515 H®(g®a)=s;®a=s,®a= (5259 ) ® (9® a)

and so sy * g1 9Ze sy * g~1, and the action is well-defined. |
In §3.4 we mentioned in passing the stabiliser family alongside the indexed actions of the orbits
and the indistinguishable symmetries. The stabilisers also form an indexed action:

Example D.10. The stabiliser family has all the symmetries fixing an index a € A as the fibre over
ita:Ar G, = {g € Q|g ®a= a}. The stabiliser has an A-indexed action:
g@as::s*g_leGg®a since s*xg '® (g®a)=s®a=a O

We now prove our reformulation of the famous Orbit-Stabiliser Theorem 3.20:
Proof of Theorem 3.20
The bijectivity of ¢ is the well-known theorem. We show equivariance:

action on G/A actionon G ® [x]

l l
Pgox(9 ®y [h]x) = pgox([h5 g Nsex) = (h5g ) ® (9@ %) =h@x =g &, (h® x)
=9 ®, ¢x[h]x

and we conclude as inverses of equivariant functions are equivariant. |
Next, we show characterise equivariant canonisers as those for which stable and equivariant
core functions coincide. First, an observation:

Lemma D.11. Letc : A — G be an equivariant canoniser for a G-action A. For every canonical
a
element a € Can ¢, we have ca ~ e.

Proof
Since a is canonical, there is some b € A such that a = (cb) ® b. Since c is equivariant, we have:

ca=c((ch) ® b) < (cb) * (cb) ' =e
T

equivariance

(cb)y®b=a

as we wanted. ]
Now, for the proof:
Proof Theorem 3.25
First, assume ¢ : (a : A) e (G/A)a is equivariant, and consider any stable core function
f: Can ¢ — B. We show that f is equivariant.
Consider any canonical g ® a, a € Can c. Since c is equivariant, by Lemma D.11, we have ca Le
and so ca € G,. By equivariance, we have:

Lemma D.11 forg ® a

y 8
g ®(Y/A [ca]a = [C(g@ a)]g®a = [e]g®a o [ca]a :g_l ® [e]g®a = [g]a
and so g ~ ca € Gyandsog € G, C Grq. Therefore:

g€ Ga

8
f(9®a)=fa?9®fa

g € Grq
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and so f is equivariant.

Conversely, assume that every stable core function is equivariant. We need to show the canoniser
is equivariant. The proof adapts the argument in Theorem 2.17. Since we now have the indexed
action vocabulary, the proof simplifies somewhat.

Take the A-indexed action B := G/A, and the following core function:

f:(x:Canc) - (G/A)x fa:=lela

It is stable. Indeed, take any canonical a € Can ¢ and a stabilising symmetry g € G,. Since G, is a
group, g~! € Gy, and so [g71], = [e],. Calculate:

g€ Ga
) ) l
98, (fay=g@; lela=[exg7] o, =97"], = ela = fa

Therefore g € Gg,, and so G, C Gyg, and so f is stable.

By assumption, f is equivariant, and by the Indexed Representation Theorem 3.12 we have an
equivariant wlog(c, f) : (x : A) @ (G/A)x. We will show that wlog(c, f) = [c—]_ and therefore ¢
is equivariant.

Take any a € A and calculate:

wlog(c, )a = (ca) ™ @ flea® @) = (¢)” @ [elogga = ()] = e,

Therefore wlog(c, f) = [c—]_, as we wanted. |
We conclude this section by proving that every action has an equivariant canoniser. Recall that a
transversal of an action is a (dependent) function ¢ : (a : A) — G ® [a] that picks a representative
for the orbit of its input: ta = tb iff G ® [a] = G ® [b].
Proof Theorem 3.26
Consider the family of orbits x : A + G ® [x], and use the axiom of choice to choose a transversal:
t:(x:A) >G® [x]. Foreacha € A,aand ta € G ® [a] are symmetric, and so there is some
symmetry g € G such that g ® a = t a. Use the axiom of choice to choose a canoniserc: A - G
such that ca ® a = t a. We will show this canoniser is equivariant.
Take any element a € A and symmetry g € G. Then g ® a and a are in the same orbit, and
therefore t(g ® a) = t a. Calculate:

(c(g®a)xg)®a=c(g®a)®(g®a) =t(g®a)=ta=ca®a
Therefore, c(g ® a) * g ~ ca, and so [c(g ® a) * gl, = [ca],. Calculate:
[c(9® A)]yg,=[c(9@a) xgxg7] 5, =9® [c(g® a)xg]l, =g & [eal,

and so c is equivariant. ]

E Algebraic data types: further details

In some sense, the theoretical development in this section is a special case of the proceedings two
sections. However, it requires some additional abstractions that make the material less accessi-
ble: indexed families (Appendix F), or monadic adjunctions and distributive laws (Appendix G).
Therefore, we decided to include more specialised proofs for the simply-typed case, that use less
categorical reasoning and mostly concern sets and functions.

We start by proving that every Cartesian strength is a G-strength (cf. Remark 4.3).

Lemma E.1. Letst: X X FY — F(X X Y) be a Cartesian strength for a functor F : Set — Set. Then
stox 1 G X FX — F(G X X) is a G-strength.
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Proof
It’s more natural to use diagrammatic reasoning here:

(x — % F(z — (x,x))

unu

products I1x FX —’ F 1x X F (products)
B strength naturality _
(z—e)xid = F((zr—e)xid)
Gx FX » F(G x X)
stg
st

GxFX—»FGxX

(%) x id ) x i
/:trength / pro duct:\
nat
(GXG)XxXFX ———— > F(GxG)x X) ———— F(G x (G x X))

Stgxg strength Fa

X‘ pent:agon A’
Qx(QxFX)—t>Q><F(Q><X)

S

as we wanted. |
Next, we prove that a G-strength for F and an G-action A let us equip FA with a G-action:

Proof of Lemma 4.4

This definition is a G-action by straightforward calculation:

first axiom map fusion

l l
e®t=F(®)(st(e,t)) = F(®)(F(x — {e,x))t) =F(x — (e, ®)x)t =t

9g® (h®t) =F(®)(st(g, F(®)(st(h, 1))))

strength nat.

l

=F(@)(F((g', ', x) = (g, h' ® x))(st(g, (st(h,1)))))
map fusion

l

=F((g.h.x) = ¢ @ k' @ x)(st(g, (st(h,1))))

=F({g’, 1, x) = (¢ * I') ® x)(st(g, (st(h, 1))))

map fusion

!
=F(@®)(F(¢". h',x) = (g’ * I, x))(st(g. (st(h. 1)))))

second axiom

l
=F(®)(st(g=ht)) = (g=h)®t
and so we have an action.
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Let h : A @ B be equivariant. Calculate:

map fusion

1
Fh(g®t) = Fh(F(®)(st(g.1))) = F({¢’,x) > h(g’ ® x))(st(g, 1))

map fusion

l
=F((g’.x) = ¢ ® h(x))(st(g.1)) = F(®) F(id x h)(st(g, 1))

strength nat.

iF(@) st(g, Fht) =g ® Fht

and so we have an equivariant map Fh : FA e FB. ]
Next, we prove that G-strengths for each component functor induce a G-strength for the coprod-

uct functor:

Proof Proposition 4.7

Follows by Set’s distributivity: the natural isomorphism G X (X +Y) = (GxX)+(GxY). N
The following technical result is the workhorse that allows us to both derive the action on the

data type from its strength, and to reason about properties of parameterised maps. It is prevalent

in Fiore et al’s work on abstract syntax [10, 11, 13], originally proposed by Bird and Paterson [5].

Here we use the following special case.

Theorem E.2 (parameterised initiality). Let A be a set, F : Set — Set a functor, roll : FuF — uF
an initial algebra, and st : A X FX — F(A X X) a natural transformation in X. For every F-algebra
f : FX — X there is a unique A-parameterised homomorphism pfold f : (uF,roll) — (X, f), i.e., a
function pfold f : A x uF — X satisfying:

pfold f (a,roll t) = f(F(st(a,t)))

Proof
Using both the given strength and the Cartesian-closed structure, define the following morphism:
Ax F(XA) —St o pax x4
g l = lF eval
X < FX
f

Currying, we have h := curry g : F(X*) — X4, and so by ordinary initiality, there is a unique
homomorphism into X*:

FuF Ik > F(X4)
rolll (;) lh
F oo A
2 h > X

We defined the required parameterised traversal as the uncurried function:

idxk 1
pfold f = uncurryk:AXpF—l—ieAXXAf»X

We need to show that it satisfies the required equation, and that it is the unique such function.
Calculate:
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F(pfold
Ax FuF st > F(A x uF) foldf) | oy
I7E§?f) ”’/”//,,)'
streng:th nat. F(ld « WA A - A Feval
id x F'k st F( xX )
/
id x roll , Ax F(XA
1 id X (%) id XAh/ X ( ) wet f
d k A % XA currying g -
v ! X/v def oval v
AX uF — e
K pfold f *

Now, take any map p : A X uF — X that satisfies:

st Fp
AX FuF ——— F(Ax pF) —— FX
id x rolll (=) l f
A F >
X D X
Let ¢ := curry p : uF — X*. Calculate:
id x F'
A x FuF 1 > A x F(X4)
strength nat. ‘/St//
st  F(Ax X% def
F(id x q) Feval -
. 1 q F(currymg)\‘ .
id x roll / FX id x h
X pk)
|  0
Ax pF » Ax X4
id x g

and so, by the universal property of the exponential, g satisfies (x), and so q = k, hence:
p = uncurry g = uncurry k = pfold f

and we proved uniqueness. |
We now lay the capstone in the theory of data types, the Equivariant Initiality Theorem 4.8:

Proof of Theorem 4.8

We have three things to do:

e show the unit axiom for (®).
o show the associativity axiom for (®).
e show that fold f is equivariant when f is equivariant.

All three are straightforward calculations, appealing to initiality or parameterised initiality.
For the unit axiom, appeal to initiality:
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id
(e,id) CGonE ()

id x roll

G x FuF
N‘ (®)-def
streflgth =
products axiom F(G F
= (eid) PEX 8
F {e,id) F(®)
IH v
11 1
pFe—22" ppp—— pur " L uF

and so, by initiality, e ® t = t.
For associativity, we appeal to parameterised initiality, for the composite strength:

(Gx Q) x FX —% + G x (G x X)
lidxst
st, = GXF(GExX)

Js

F((G % G) % X) < F(G X (G x X))

via the calculation in Fig. 4. Therefore, (g h) ® t = g ® (h = t), and we have an action. Note that
the defining property of (®) makes the initial algebra structure equivariant roll : FuF e— pF.
Finally, take any equivariant algebra f : FA - A, and consider the unique F-homomorphism
fold f : uF — A. We appeal to parametrised initiality w.r.t. the G-strength, and calculate as in
Fig. 5. Therefore fold f(g ® t) = g ® (fold f), as we wanted. ]
The proofs from §4.3 are identical and special cases to their indexed variants, and do not use
abstract categorical concepts. We therefore only prove them in the indexed case (cf. Appendix F).

F Indexed data types

The theory of indexed data types has a few more moving parts. So in this case we do most of our
proofs more abstractly in Appendix G. In this appendix we establish the assumptions needed for
that development, prove a result about canonisers, who do not feature in the abstract account, and
state the indexed version of the Parameterised Initiality Theorem.

Proof Theorem 4.16

Let’s start with the left adjoint. It is an action by direct calculation:

e®,(g,x) = (exgx) =(g,x)  g®h®(s,x) = (g* (h+s),x) =((g*h)*s,x) = (gxh)® (s, x)
Given any I'-indexed G-action A and a vertical map h : X — A, define:
7. . i — .
h":(g:G)xg®X o> A hy(g,x).—(g@@g,l@)/x).Xy
Indeed:
h;®y(9 ® (s,x)) = h! ({g*s,x))=(g*s)® (hx) =g® (s ® (hx)) =g ® h)T, (s, x)

9®y
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idx(®)

G~ (QXHF) > G X puF id xroll
i G X (®)-def .
= id X F(®) G x FuF (®)
id % (id xroll) /
a a nat id x st Q X F(Q X ll'F) strength

e B nat st
G x(GxFuF) iie% lst

F(G % (G r F(G x uF) (®)-def
@x@xur) f

a =
(id xid) xroll

(G x G) x pF T~ L Flid x (@)

(GXG XFI,LF\

(G x G) x uF
functoriality

or o s;r;ll;l)izh FuF roll !
*) X id - \
><1d) G X pk) _T(®) n

F(®)

second

A

(®)-def
G % FuF wﬁ =
PG x pf ——
(+)xid =k (®)
Fig. 4. associativity of the action over the initial algebra
id xfold f (®)

» G x A

o fid Jal G x FA —=t 5 F(Gx A) F®) f equiixriance
id x F'(fold f)T Streng_th nat. TF(id Xrl
o v

G x uF a0 QXF/J,FTPF(QX[JF) FA—»%
F(@)l o I
(®)-def F[J,F foldj def
= F(fold f) =
rolll
@) > ml fold /

Fig. 5. equivariance of the homomorphism into an equivariant algebra

Now, h' extends A along the unit, since:
h' (e,x) = e ® hx = hx
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Ifh:(g:G) X g® X e A is any other such extension, we have:

equivariance

_ _ I
hy (g, x) = hy(g ® (e,x)) =g ® hy15, (e, x) ?g ® hg1yx = hi (9,x)

h extends
the unit
and so h = k', as we wanted.
The monadicity result follows by a simple application of Beck’s monadicity theorem [20, Thm. V1.7.1]
(in fact, the vulgar tripleability theorem of Ex. V1.7.8 applied here, too). Start with a split coequalier
diagram, in which A and B are I'-indexed actions, and f, g : A @ B are equivariant:

!

I “T

Ilss] N S

v

<
-«—

rQ ||ta
Qe Iw

I

First, equip C with an indexed action: h®, ¢ := ggay (h®,syc). Indeed: e®, ¢ = q(e®, sc) = q(sc) = ¢
and:

h@k®c=qh®s(gk®sc)) =qh® (k®,sc)) =q((h+k)®sc)=(hxk)®c
Now we need to show the maps are equivariant.Let’s start with showing q : B e— C:
h® (qb) =q(h® (s(qb))) =q(h® (f(th))) = q(f(h® (1]))) = q(g(h @ (¢b))) = q(h® g(¢]))
=qh®b)
Nowt:Be— A,
tth®b)=t(h® (g(tbh))) =t(g(h® (tb))) =h® (tb)
Finally, s : C e B:
sth@c) =s(qgth®sc)) =f(t(h@sc)) =h® (f(t(sc)) =h® (s(g(sc))) =h@® (sc)
therefore — lifts split coequalisers of parallel pairs.

Now, if in the diagram C already had an indexed A-action structure and q was equivariant, then
necessarily h® ¢ =h ® q(sc) = q(h® (sc)), and so the action on C is the one we defined, making
s and t equivariant.

Turning to the right adjoint, we first prove it’s an action:

e®, 0= (h p(hxe) = (h ph) = ¢
and:
(9@ k®ph=(k®¢)(h+g) =¢((h+g) k) =g(h+(g+k) =((g*k) ® ¢)h

andsog® k® ¢ = (g*k) ® ¢.
Next, take any I'-indexed G-action A, and a verticalmap T + f : A — X. Define T + f7: A o
(9:G) =g ' ® X by:
f;a =g flg®a) € (9:G) > Xoy
It is equivariant:

Jf@)y(h@(l)=9'—>f(9®(h®a))=9'—>f((g*h)®a)=h®(9'—>f(g®a))=h®f;a
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It lifts f along eval (-, e):
eval (fTa,e) = (ffa)e=f(e®a) = fa
Now if f : A e (9 : G) — g~ ' @ X lifts f along eval (-, ), then:
(Farg = (Fa)(exg) = (9® Fa)(e) =eval (g® (Fa).e) =eval (F(g @ a).e) = flg® @

and so J_‘ = 7, and we have a right adjoint.
We use Beck’s theorem in its dual formulation. Consider a split equaliser, with A, B actions:

:

S
—

o]

_’;]>
— |
Q|| «

T

\Q—Q’\U:J

;

Equip C with the following indexed G-action structure: k ®, ¢ := s(k ®, (qc)). It is indeed an
action, fore ® ¢ =s(e ® (gc)) =s(gc) =cand:

k®h®c=s(k® (q(s(h® (qc))))) =s(k®h® (qc)) =s((k+h) ® (qc)) =(kxh)®c

We need to show the structure maps g and s (but not t!) are equivariant. For ¢:

gk ®c) =q(s(k® (q¢))) =k ® (qc)
For s:
k®sb=s(k® (q(sb))) =s(k® b)
Now, given an equalising equivariant map I'e : X @ B, by moving to families, we know the

mediating map is u : X & B & C, and therefore equivariant. Therefore — lifts equalisers of split
equalisers. Now, equip C with any action that makes q : C — B equivariant. We then have:

k®c=s(qlk®c)) =s(k® (gqc))

and so the action on C is the lifted one, making q : C — B a coequaliser, i.e., — reflects equalisers

that split in ['-families. ]
Next, we justify not checking the second axiom of G-strengths in the cases g = e or h = e:

Proof Lemma B.3

Forh =e:

first axiom

8
F(E) (st(g. st(e, 1)) = F(E) (sty (9, F(x = (e, x))1))

naturality

l
= F(E)(F((g'. x) — (g’ e.x)) st(g, 1))

map fusion

l
= (F((¢'.x) = (¢’ * e.x)) st(g. 1))
=st(g,t) =st(g*e,t)
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Next, for g = e:

first axiom

A8
F(EE) (st(e, st(h, 1)) = F(EE) (F((H', x) = (e, B, x))(st(h, 1)))

map fusion

l
=F((h,x) > {ex N, x))(st(ht))
=st(h,t) =st(e=h,t)
as we wanted. |

Next, we state the indexed analogue to the Parameterised Initiality Theorem E.2 for the indexed
setting:

Theorem F.1 (indexed parameterised initiality). Let I' be a G-action, F : Famr — Famr an
endofunctor equipped with a symmetry strength, and T v roll : FuF — uF an initial F-algebra. For
every F-algebra f : FX — X, there is a unique parameterised homomorphism into (X, f), i.e., a map

pfold f : G [ uF — X satisfying: (pfold f)(g, roll u) = f o F(pfold f) st(g, u).

We will prove this theorem and the Indexed Equivariant Initiality Theorem B.5 using the more
abstract tools of the next section.

The remainder of this section establishes the results concerning canonisers for indexed G-strong
functors, which do not have a general counterpart. By ignoring the indices, they also generalise
the corresponding results from §4.3.

Lemma F.2. LetT be a G-action, F : Famr — Famr be a functor equipped with a symmetry strength
st : G FX — F(G[® X), andc : F — G an indexed canoniser for F. The canonical elements extend
to a functor Can ¢ : G-Actr — Famr given forT' + h: A @ B by:

(Canc) h(g @y u) = g ® (Fhu) (9= castig® 6 = y,u € (FA)5)
Consequently, we have an equivariant function T + ((Canc)h : (Canc)A e— (Canc)A. The

inclusions Can ¢ < F are natural.

Proof

The crux of the proof is that, by ¢’s naturality, cp.5(F hu) = ca,5(u) = g. Therefore, g ® 5 (F hu) is
canonical, and (Can c¢)h is well-defined. Functoriality follows by routine calculation. For equivari-
ance, take:

g ®su € ((Canc)A), (g =casu.g® 5 =y,u € (FA)s)
p ®;0 € ((Canc)A), (p =cagv.p® & =y,0 € (FA))
and r € G, C G such that:
r®yg®5u=p®§v
We then have:
Fh:FA ®— FB

l
(Canc)h(p ®;v) =p ®; (Fho) =Fh(p ®;0) =Fh(r®, g ®su) =r ®, g ®; (Fhu)
:r@y ((Can c)h(g @5 u))

and so (Can ¢) h is equivariant.
The naturality of the inclusions Can ¢ < F amounts to the calculation:

(Canc)h(g ®5u) = g®z (Fhu) = Fh(g ®5 u)
which holds by equivariance of Fh : FA @ FB. ]
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The following transformation lets us simultaneously work with canonical elements in a symmetric
fibre while carrying around their canonising symmetry.

Proposition F.3. The transformationy : T + canonise. = u > {(cu) "}, cu®,u) : F = G[#(Canc)
is natural.

Proof
More generally, for every g € G, we have transformation:

) - GEA -
y:Lr(g® n-):A>GEHA  g® na={(99" ' ® a=9&  (eg ' ®, a)

Given an equivariant family map I' + f : A @ B, we indeed have:

(9®,)
A>da Rl >(g,g*1®7a>eGA
f’y f equi:variant (G f)’Y
B> fyat » (9,97 @, fa)=(9,f(¢"" ®,a)) cGEB
(9®,)

We now use the canoniser’s naturality:

¢ : F — G natural

]
canonise(F fu) := ((c(Ffu))_l, (c(F fu)) ® (Ffu)> = <(cu)_1, (cu) ® (Ffu)>

Ff:FA®—FB ((cu)™' ® p-) : C — G [# C natural

1
((cw)™ Ff ((ew) ® w)) = F f ({(c) ™", (cu) ® u})

: F f(canonise u)

as we wanted. |
We can use this transformation to express the w.l.o.g. construction:

Lemma F.4. We have:

G
G ((Canoa) = A A

canonise.

T+ wlog(c, f) : FA

Proof
Calculate:
u S (o)™, (eu) @ ) s ((ew) ™ f ((ew) @ ) 2 (ew) ™ @ f ((ew) @ w)
= wlog(c, f)
as we wanted. "

The next result establishes a universal property for the intermediate step in the flog construction:
the extension of a core algebra to an F-algebra.

Theorem F.5 (indexed equivariant algebra representation). Let T be a G-action, F T -indexed G-
strong functor, and ¢ : F = G an indexed canoniser for F, and consider an indexed equivariant core-F
algebral + f : CancA e— A. Then the w.l.o.g. construction is the unique equivariant F-algebra
T + wlog(c, f) : FA @ A extending f along the inclusion Can ¢ < F.

Given two equivariant F-algebras (A, f) and (B, g) and an equivariant functionT + h : A — B,
it is an equivariant F-homomorphism T + h : (A, f) @ (B,g) iff it is an equivariant core-Can ¢
algebra homomorphism.
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Proof

Assume f : (Canc)A @ Ais a core algebra. By the naturality of Can c, f is a core function for
the canoniser ¢4 : FA — G. This function is equivariant w.r.t. c4 in the sense of the main paper iff
it is equivariant w.r.t. the canoniser ¢ for F in the sense of Definition B.10.

If f is equivariant, then by the Indexed Representation Theorem 3.12, wlog(c, f) = wlog(ca, f)
is equivariant extending f. Covnersely, if h : FA @ A is an equivariant algebra, then by the
representation theorem, h = wlog(ca, f) = wlog(c, f), as we wanted.

Given another such equivariant algebra g : FB e— B, and an equivariant map h : A — B. The
naturality and injectivity of the embedding Can ¢ < F show that 4 is an F-algebra homomorphism
iff it is a Can c-algebra homomorphism. Indeed, consider the composite square:

(Canc)Ac > FA f > A
(Can c)hl naturality Fhl (xx) lh (%)
(Canc)B¢ > 'B 7 B

Our goal is to show that the inner square (#*) commutes—h is an F-algebra homomorphism—iff
the outer square (x) commutes—h is a Can c-algebra homomorphism. If (%) commutes, the whole
diagram commutes. Assume (x) commutes. We have that f, g, and h are equivariant, and the latter
also implies that Fh is equivariant. Therefore, the two sides of (#*) are equivariant extensions of
the outer face () along the embedding (Can c)A < FA. By the indexed representation theorem,
they coincide, i.e., (**) commutes. |
We conclude by proving the representation theorem for the indexed flog construction:
Proof
The proof assembles the previous results. First, by the indexed equivariant initiality theorem, the
initial algebra is equivariant roll : FuF @— uF. By the algebra representation Theorem F.5, its
restriction along the embedding Can ¢ < F is an equivariant algebra roll : (Can ¢)uF — puF.
Now, given any equivariant core algebra f : (Canc)A e— A, by the algebra representation
Theorem F.5, its w.l.o.g. construction is an equivariant algebra g = wlog(c, f) : FA e— A.
By the equivariant initiality theorem, the unique F-homomorphism out of the initial algebra is
equivariant flog f := foldg : pF @— A. By the algebra representation Theorem F.5, it is also a
(Can c¢)-homomorphism.
Conversely, if h : uF e— A is any equivariant core algebra homomorphism, then by Theorem F.5,
it is an equivariant F-homomorphism. By the equivariant initiality theorem, h = fold g = flog f. B

G Category theoretic development

The amount of details in the theory of indexed symmetric data types is high, but a few categorical
abstractions keep the development relatively clean. We start by recasting the parameterised initiality
theorems in this setting. Much of this is known but appears in different places in the work of Fiore
et al. [12], and especially in the more recent work with Szamozvancev [10, 11, 28]. We provide
references where available.

Lemma G.1. Let P,F : C — C be two endofunctors, and st : PF — FP a natural transformation.
Then F lifts along the forgetful functor (x, a) — x to an endofunctor over P-algebras:

(x,a: Px — x) <Fx, ar : PFx LN FPx i Fx>
h Fh
(<x, &5 b>) - (<Fx, ar) £ (Fy, bF>)
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The proof is by direct calculation, see Prop. 3.1.2 in Szamozvancev’s thesis. This type of result is
known from the early days of the concept, as in Beck’s work [4].

When P is a left adjoint P 4 E, we can swap P-strengths for an endofunctor F with E-costrengths
for the same endofunctor®:

Lemma G.2 (strength-costrength). Consider endofunctor P,E,F : C — C. Let P 4 E with unit
n :1d — EP and counit ¢ : PE — Id. TFAE:

e P-strengths for F, i.e., natural transformations st : PF — FP.
o E-costrengths for F, i.e., natural transformations costrength : FE — EF.

The equivalence is given by the following relationships:

FEr — + EPFEx FPz ~—— PEFPx
costrengthl = l E'st st T = TP costrength
EFx‘FEFPELE PFI‘P—FT]>PFEPx
and moreover satisfy:
Fz l > FEPx Fz < Fe FPEx
n l = lcostrength € T = Tst
- PEFxy «——— PFFE
EPFz Est EFPz TP costrength 3:

Proof
By duality, we only need to show:

e That costrength is natural.
e That the strength associated with costrength is st.
e The diagram involving the units only ( and Fn).

The costrength is natural: it is a composition of natural transformations.
We substitute the definition of costrength into the definition of st and show it recovers st:

FPa 2 PEFPz

A

e-nat PEFe

(adjunctlon)

FPEPa; %  PEFPEz

st e at PEst = P costrength

PFEPx «——— PEPFEPx

st

PFx

» PFEPx

The diagram involving units only amounts to straightforward calculation:

8We learned this fact from Marcelo P. Fiore in private communication.
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Fn
Fzx > FEPx
7-nat /

EPFEPx =

n W costrength
EPFn
EFPEPx

E(st mat)  EFPn / \

v F (adjunction) v
EPFy ——— > FFPr ———————— FFPx
E\t;/

Est

|
We now prove a general version of parameterised initiality, already prevalent in Fiore et al’s
work on abstract syntax [10, 11, 13], originally proposed by Bird and Paterson [5].

Definition G.3. Let P,F : C — C be endofunctors. An initial F-algebra roll : FuF — pF is
P-initial when every F-algebra f : Fx — x has a unique morphism pfold f : PuF — x satisfying:

F(pfold
prur — St ppyp LR
P rolll = l f
PUF e
H pfold f m

Theorem G.4 (generalised parameterised initiality). Let P 4 (E : C — C) be an adjunction over a
category C, with unitn : Id — EP and counit ¢ : PE — 1d. Every initial algebra roll : FuF — uF,
for an endofunctor F : C — C equipped with a natural transformation st : PF — FP, is P-initial.

For completeness, we include the proof of this result in this formulation.
Proof
Let f : Fx — x be any F-algebra. We equip Ex with an F-algebra structure. It is more direct to
work with the costrength:

costrength Ef
g: FEx —— EFx — Ex

and so, by initiality, we have a unique morphism h := fold g : pF — Ex satisfying:

FuF £h > FEx
rolll = lg
/.I,F ——————— }_l —————— > E.’.U

Now take the mate of this morphism:
Ph I3
pfold f : PuF — PEx — x
This morphism satisfies the required property:

, Vol. 11, No. MSFP, Article 8. Publication date: July 2026.



2696
2697
2698
2699
2700
2701
2702
2703
2704
2705
2706
2707
2708
2709
2710
2711
2712
2713
2714
2715
2716
2717
2718
2719
2720
2721
2722
2723
2724
2725
2726
2727
2728
2729
2730
2731
2732
2733
2734
2735
2736
2737
2738
2739
2740
2741
2742
2743
2744

8:56 O. Kammar and M. Pretnar

F(pfold
PFuF st > FPuF (pfold /) > Fu
F(_::)
PFh st;?at 17]);:\‘ B
- FPEx
st
PFEx Strength-Costrength
Lemma
Proll P costrength f
P(h-def P(=
(hte)  p, (=)

Now consider any morphism k : PuF — x making the following diagram commute:

pruF — St s ppur — FE | b,
P rolll (;) lf
PuF — - - e mmm e >
# k
We will show that its mate must be A, i.e.: h: uF KN EPuF ZE, Ex. Calculate:
F
FuF 7 > FEPUF FEk > FEz
Strength-Costrength
p lemma costrength Costreigth nat costrength
roll EPFuF e EFPuF = EFzx g
7)-nat
= EProll
v v
ukF » EPuF > B
By universality, h is the mate of k, and so k = pfold f. ]

Therefore, if an endofunctor F over I'-indexed families has a (G [ —)-strength, then its initial
algebras are both (G [] —)-initial and (G [ G [ —)-initial.

Definition G.5. Let P = (P : C — C, n, ) be amonad, and F : C — C an endofunctor over C. A
P-strength for F is a natural transformation st : PF — FP satisfying:

PFx P2Fx st prps st > P2y
Foe—p —>IFPz  ppy < > FPx
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This notion is sometimes called: a distributive law between a monad and a functor; a module; or
a monad endomorphism.

The following notion generalises equivariant F-algebras as algebras of the lifting of F to P-
algebras:

Definition G.6. Let P = (P : C — C, 1, i) be a monad over C, and F : C — C an endofunctor
equipped with a P-strength st P : PF — FP. A P-linear F-algebra (x, f, a) consists of:

e an F-algebra f : Fx — x; and
e a P-algebraa: Pa — g

such that f is P-linear f : (Fx,ar) — (x,a). A homomorphism h : {x, f,a) — (y, g, b) of P-linear
F-algebras is a morphism h : x — y that is simultaneously an F-algebra homomorphism and a
P-algebra homomorphism.

Since a (G [#] —)-algebra is precisely a I'-indexed G-action and a (G [] —)-linear map between
them is precisely an equivariant function, we have that the (G [] —)-linear F-algebras are precisely
the equivariant F-algebras. The capstone of this development is the following theorem:

Theorem G.7 (general representation theorem). Let P = (P : C — C,n, u) be a monad over C,
and F : C — C an endofunctor equipped with a P-strength st : PF — FP. If an initial F-algebra
roll : FuF — uF is both P-initial and P?-initial, then it is also the initial P-linear F-algebra. Its
P-algebra structure is given by P-initiality as alg := pfoldroll : PuF — pF and the unique F-
homomorphism fold f : uF — x into any other P-linear F-algebra (x, f, a) is P-linear.

We chose this formulation as its proof follows our proof in the simply-typed case more closely,
which itself follows the argument in abstract syntax with binding and substitution [12]. Our situation
is semantically well-behaved, and there are alternative theorems we could use. For example, since
I'-indexed G-actions are E = (G —)-algebras, we could use Szamozvancev’s Prop. 3.3.1
instead [11]. Whichever formulation we use, it is clear it proves the Indexed Representation
Theorem B.5.

Proof
We show that:

e alg: PuF — pF is a P-algebra;
e roll is P-linear by the defining property of P-initiality;
e each fold f is P-linear.

We show the P-algebra unit axiom:

/ alg

nF nF

by recourse to mere initiality:
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[ _ |

puF «— FuF FuF — uF
roll roll R
w‘ IH Faly'
7-nat -stren,
- n P t: gth FP[,LF
alg-def by
/ P initiality
st =
PFuF
P rm
> PuF
n H alg
We show the P-algebra multiplication axiom:
Pal
P2uF g > PuF
I
PuF > uF
alg
by recourse to P? initiality:
P2uF a > PuF
V\Pﬂroll 4 nat P W
P?FuF m » PFuF
QS:? P-strength alg:—def
P(alg def) =
PFPuF st
PFal
Palg ‘ay w‘ alg
¢ nat Fu
PFuF st na FP?uF —— FPuF
N{palg H lF alg
FPuF —» FuF
PI‘Oll alidef g I‘Oll
v v

PuF > uF
alg

Finally, take any P-linear F-algebra (x, f, a). By initiality there is at most one P-linear F-homomorphism,
and exactly one F-homomorphism, into it. We show:

P(fold
PuF (fold f) . Py
algl = l
F .
H fold f v

by recourse to P-initiality:
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P(fold
2843 PuF ( f) . Py

2844
2845 P(fold f-def)
2846 Proll Pf
PF fold )
> PFx

2847 PF/,I,F

2848
2849 \ st nat st
2850
(fOId f) v P-linear

2851 alg — FPx F-alg a
2852 -

2853 alg-def Falg IH Fa

2854 = \j

2855 FpubF ——————»

fold f)
2836 roll (fold f) Eief \
2857 =
2858 v

F
2859 K fold f

2860

&~

concluding the proof. ]

2861
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