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Recent models of intensional type theory have been constructed in algebraic weak factoriza-
tion systems (AWFSs). AWFSs give rise to comprehension categories that feature non-trivial
morphisms between types; these morphisms are not used in the standard interpretation of
Martin-Lof type theory in comprehension categories.

We develop a type theory that internalizes morphisms between types, reflecting this semantic
feature back into syntax. Our type theory comes with II-, 3-, and identity types. We discuss
how it can be viewed as an extension of Martin-Lof type theory with coercive subtyping, as
sketched by Coraglia and Emmenegger [5], and we recognize this structure in many intensional
models of Martin-Lof type theory.

This talk is based on a recently published paper [11] and its ongoing continuation.

Interpretation of Type Theories in Comprehension Categories

We sketch the interpretation of type theories in categorical structures, contrasting that of MLTT
with that of other type theories.

Interpretation of MLTT Martin-Lof type theory (MLTT), and variations thereof, are typi-
cally given semantics in categories with structure, such as categories with families [7], contextual
categories [2, 3], and type categories [12]. All of these categorical structures can be viewed as
a full (or discrete) comprehension category [1].

A comprehension category consists (among other things) of two categories: one whose ob-
jects interpret the contexts of the type theory and one which interprets its types. Thus, at
first glance, a comprehension category can express both morphisms between contexts and mor-
phisms between types. In MLTT, however, there is only one such notion in the sense that
the morphisms between both contexts and types are generated by the terms of the theory.
Hence, morphisms between types can in turn be recovered from the context morphisms. The
requirements that a comprehension category is discrete or that it is full then represent the
two universal ways of deriving the type morphisms from the context morphisms: discreteness
assumes that there are as few type morphisms as possible, whereas fullness assumes there are
as many type morphisms as possible. Thus, both the requirements of discreteness and fullness
are used to ‘kill off’ this ‘extra dimension’ of morphisms.

Interpretation of Intensional Type Theories To give semantics to intensional type the-
ories, such as homotopy type theory [13] and cubical type theories [4], one generally uses more
refined ideas, in particular from higher category theory and homotopy theory. Specifically, such
type theories are often given semantics in an algebraic weak factorization system (or AWFS for
short) [8, 9]. These AWFSs are usually interesting in their own right, and they endow the cat-
egory with higher dimensional structure that we can understand synthetically via the identity
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type. Just like other categorical structures such as categories with families, AWFSs give rise to
comprehension categories. However, these comprehension categories are typically neither full
nor discrete, nor are they split. In other words, these comprehension categories have morphisms
between types that do not arise from context morphisms, and their substitution structure is
more intricate than that of Martin-Lof type theory itself. We argue that this extra structure in
the semantics should not be ignored, and it is captured by the type theory presented here.

Reflecting Semantic Features Into the Syntax

We develop a type theory that allows for synthetic reasoning about the comprehension cate-
gories arising from AWFSs— thus, in particular, about morphisms of types and about non-split
substitution. To this end, we develop a new type theory, which we call comprehension category
type theory or CCTT for short. This type theory is obtained by “reflecting” some semantic
features back into traditional type theory.

We are not the first to develop type theory by reflecting semantic features back into the
syntax. For instance, a type theory for non-split substitution has been developed by [6], who
developed a type theory with explicit substitutions to reflect the non-split substitution structure
of comprehension categories into type theory. Similarly, [5] studied generalized categories with
families for the semantics of type theory; they discovered that, syntactically, such generalized
structures give rise to a notion of coercive subtyping. In our work, we encounter both of these
syntactic features, and, in particular, give a systematic and extensive account of the syntax and
semantics of subtyping sketched by [5].

Specifically, by not imposing the restrictions of discreteness or fullness, our syntax and se-
mantics can capture coercive subtyping [5]. As argued there, every comprehension category
is equipped with a notion of subtyping, which is given by morphisms between types. Fullness
expresses that coercions and terms are the same, making the subtyping, in one sense, trivial.
Discreteness expresses that all coercions arise from identities of types, making the subtyping,
in another sense, trivial. To faithfully model coercive subtyping, one thus need to use compre-
hension categories that are neither full nor discrete.

Moreover, from a practical point of view, having both terms and type morphisms in a
type theory allows for tight control over definitional equalities. Specifically, when considering
semantics of type theory in AWFSs, types and type morphisms are interpreted as algebras
for some monad, where the algebra structure models the transport, (¢« = o’) — B(a) —
B(d'), of structure along a term of an identity type, and morphisms of algebras preserve such
transport strictly, up to definitional equality. Semantics in AWFSs justify adding syntactic rules
expressing such definitional equalities, which only hold up to propositional identity in MLTT.

We develop a type theory that we show is an internal language for comprehension categories.
Usually, the semantics of Martin-Lof type theory (MLTT) is given in discrete or full comprehen-
sion categories. Requiring a comprehension category to be full or discrete can be understood
as removing one ‘dimension’ of morphisms. In our syntax, we recover this extra dimension.
We show that this extra dimension can be used naturally to encode subtyping as sketched by
Coraglia and Emmenegger [5]. We then extend our type theory with II-, ¥- and ld-types and
discuss how to add subtyping for these type formers to both the syntax and semantics.

In [10], we studied non-full comprehension categories, partly motivated by the fact that they
arise from AWFSs. In our ongoing work, we study more closely the (non-full) comprehension
categories that arise from AWFSs. In this talk, we will discuss the type theory developed in
[10] and the ongoing work on the relationship between comprehension categories and AWFSs.
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