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We discuss the concurrent monads of Rivas and Jaskelioff, a structure axiomatizing effectful notions
of computation supporting not only sequential, but also parallel composition. We have previously
analyzed accessible concurrent monads on given ordered monoidal category as concurrent monoid
objects in a certain ordered duoidal category. Here we explain the different perspective that concur-
rent monads are monads in a certain 2-category and what this entails.

Concurrent monads by Rivas and Jaskelioff [3] offer a categorification of concurrent monoids from
the work of Hoare et al. [2] on program algebras for Moggi’s monad-based analysis of functional pro-
gramming with effects. Concurrent monads determine not just sequential composition of effectful func-
tions, as monads do, but also parallel composition. The equational and inequational axioms of a concur-
rent monad stipulate that sequential and parallel composition are unital and associative and obey certain
interchange inequations.

Concurrent monads capture various models of sequential-parallel effectful programming with pre-
emptive scheduling as instances, including both interleaving and truly concurrent models, in particular
interleaving models for shared memory (collections of traces, resumptions), including also transactional
memory for example.

The original work Rivas and Jaskelioff [3] used ordered monads in the sense of monoidal topol-
ogy; here we adopt the somewhat more principled approach of Rivas and Uustalu [4] based on ordered
(=Poset-enriched) category theory. A concurrent monad on an ordered monoidal category is given by
an ordered monad and ordered lax-monoidal functor that share the underlying ordered functor and sat-
isfy certain inequations of compatibility between the two structures. Explicitly, a concurrent monad
on a ordered monoidal category (C, I,⊗) is a 5-tuple (T,η ,µ,ψ0,ψ) where (T,η ,µ) is an ordered
monad, (T,ψ0,ψ) is an ordered lax-monoidal functor and the following inequations hold: ηI ≤ ψ0,
µI ◦T ψ0 ◦ψ0 ≤ ψ0, ηX⊗Y ≤ ψX ,Y ◦ηX ⊗ηY and µX⊗Y ◦T ψX ,Y ◦ψT X ,TY ≤ ψX ,Y ◦µX ⊗µY . Concurrent
monads in this sense are a generalization of lax-monoidal monads (which are the same as commutative
monads) for ordered category theory, relaxing their compatibility equations to inequations.

The Kleisli ordered category of (the underlying ordered monad of) a concurrent monad, together with
its inclusion ordered functor from the base category, forms what was called in [4] a concurrent category.
This is a “typed” generalization of the concept of concurrent monoid. Sequential composition of effectful
functions is given by the composition structure of the concurrent category, parallel composition by its lax-
functorial ordered monoidal structure; the inclusion ordered functor includes the pure functions among
the effectful. As soon as the inclusion ordered functor of a concurrent category has a right adjoint, the
concurrent category is in fact the Kleisli ordered category of a concurrent monad.
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Monads on a category C are monoid objects in the monoidal category ([C,C], I,⊗). It was shown in
[4] that accessible concurrent monads on a ordered monoidal category (C, I,⊗) are concurrent monoid
objects in the ordered duoidal category ([C,C]a, Id, ·,Jd,?) where (Jd,?) is the Day convolution ordered
monoidal structure on [C,C]a defined by the ordered monoidal structure (I,⊗) on C. This is analogous
to accessible lax-monoidal monads on a monoidal category being duoid objects.

A different perspective on monads, offering further insights, considers them as monad objects in a
2-category. As reported by Gunnarsson [1], this turns out to apply to concurrent monads too. In this talk,
we present this observation together with some conclusions that can be drawn from it. We also discuss
some questions that it raises.

An ordinary monad on some category is a monad in the 2-category Cat of categories, functors and
natural transformations. The extra structure present in a concurrent monad can be provided by the richer
structure of the ambient 2-category. Namely, a concurrent monad on some ordered monoidal category is
precisely a monad in the 2-category OrdMonCatl,opl, with

• as objects ordered monoidal categories,

• as 1-morphisms ordered lax-monoidal functors,

• as 2-morphisms oplax-monoidal natural transformations

where we call a natural transformation τ between ordered lax-monoidal functors (F,ψ0,ψ),(G,ψ0′,ψ ′) :
(C, I,⊗)→ (D, I′,⊗′) oplax-monoidal if τI ◦ψ0 ≤ ψ0′ and τX⊗Y ◦ψX ,Y ≤ ψ ′X ,Y ◦ τX ⊗′ τY .

This is analogous to lax-monoidal monads being the same as monads in the 2-category MonCatl of
monoidal categories, lax-monoidal functors and monoidal natural transformations. The difference is that
we need to switch from ordinary to ordered category theory and the 2-morphisms need to be relaxed from
monoidal to oplax-monoidal: exactly this relaxes the compatibility equations of a lax-monoidal monad
to the compatibility inequalities of a concurrent monad.

Differently from the case of lax-monoidal monads, where the Kleisli category of the underlying
monad is monoidal and the Kleisli adjunction lax-monoidal, the Kleisli ordered category of the underly-
ing ordered monad of a concurrent monad and the associated ordered adjunction do not fit into the same
2-category as the concurrent monad itself. To also accommodate them as well, we need to move to a
larger 2-category. This has

• as objects lax-functorially ordered monoidal categories,

• as 1-morphisms oplax-naturally ordered lax-monoidal functors,

• as 2-morphisms oplax-monoidal natural transformations
where lax-functorial monoidality of (C, I,⊗) requires I, ⊗ to be lax-functors and oplax-natural lax-
monoidality of (F,φ 0,φ) requires φ 0 and φ to be oplax-natural transformations. (We rely on the defini-
tions that F is a lax-functor if idFX ≤ F idX and Fg◦F f ≤ F(g◦ f ) and that τ : F→G is an oplax-natural
transformation if G f ◦ τX ≤ τY ◦F f for f : X → Y .) It is not clear to us yet which the right (tightest)
statement is for the coherence laws for such structures.

It is known that the Eilenberg-Moore category of the underlying monad of a lax-monoidal monad is
monoidal under reasonable conditions [5]. We conjecture that the Eilenberg-Moore ordered category of
the underlying ordered monad of a concurrent monad is lax-functorially ordered monoidal under some
adjusted conditions and are working to identify those.
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