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Equality saturation is a powerful technique for program optimisation and reasoning, driven by the
use of equivalence classes of terms under rewrite rules. These equivalence classes lie at the root of
data structures called equality graphs (e-graphs). Despite their numerous advantages, until recently
e-graphs lacked native support for variable binding, limiting their applicability to programming
languages. We propose to address this problem from a categorical perspective by extending the
interpretation of e-graphs as string diagrams, namely morphisms in symmetric monoidal semilattice-
enriched categories which we additionally equip with a monoidal closed structure. We further define a
concrete representation using hierarchical hypergraphs, and introduce a corresponding double-pushout
(DPO) rewriting system. Finally, we establish the equivalence between term rewriting and DPO
rewriting, with the combinatorial model inherently absorbing the equations of the symmetric monoidal
structure. Our approach, specifically designed for lambda calculi, is compared and contrasted with
slotted e-graphs — an alternative method for incorporating variable binding within e-graphs.

1 Introduction

1.1 Motivation and contribution

E-graphs (short for equality graphs) [34] are an efficient data structure for non-destructive rewriting,
incorporating equivalence representation, used in automated theorem proving, compiler optimisation,
and program analysis. They mitigate the phase-ordering problem of term rewriting: the way rewrites are
scheduled may enable or block further rewrites due to introduction or elimination of redexes, resulting in
a suboptimal result. This is achieved by making rewrites on e-graphs non-destructive: an application
of a rewrite rule, instead of replacing the left-hand side by the right-hand side, adds the latter to the
e-graph so that all pre-existing redexes are protected and new ones are introduced. Exponential growth
of the e-graph is avoided by the clever use of sharing of nodes.
E-graphs were first introduced in the automated theorem proving literature in the 1980s [26], but

recent years have seen renewed interest, particularly for optimisation and synthesis using the technique of
equality saturation [32, 15, 34], wherein rewrites to an e-graph are repeated until a fixpoint (or timeout)
is reached. We are interested in using e-graphs in the context of functional programming languages,
which builds upon an internal representation of the 𝜆-calculus. Kœhler et al. [23] pioneered work in this
area by identifying two key, interconnected challenges—handling binding and ensuring capture-avoiding
substitution—when applying equality saturation to an encoding of the 𝜆-calculus in e-graphs.

In the textual representation of 𝜆-terms, 𝛼-equivalent terms may be distinct and thus cannot be shared.
De Bruijn indices [13] syntactically identify 𝛼-equivalent terms, but the same variable can receive different
indices depending on its scope, again interfering with sharing. As a simple example, 𝜆 𝑓 . 𝑓 ((𝜆𝑥. 𝑓 𝑥)2) is
encoded as 𝜆.%0((𝜆.%1%0)2), where the two occurrences of 𝑓 are represented differently and cannot be
shared.
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A simple but theoretically [1] and practically [28] important extension of the 𝜆-calculus consists of
adding let-bindings or explicit substitutions to the syntax. Terms are identified up to permutations of
non-interacting substitutions, called “graph equivalence” [4]. Modelling this in conventional e-graphs
requires additional nodes for explicit substitutions and additional rewrite rules to capture graphical
equivalence, polluting the equality saturation state space with bureaucracy rather than the domain-specific
rewriting one actually cares about.
All these issues can be resolved by the use of string diagrams in place of textual syntax. Tiurin et

al. [33] shows how e-graphs (without binding) can be given a categorical semantics using symmetric
monoidal semilattice-enriched categories, which allows e-graphs to be reconstructed as string diagrams.
In this paper, we extend this technique to e-graphs with bindings, lifting to monoidal closed categories.

1.2 String diagrams

String diagrams provide a topological calculus for monoidal categories, representing objects as strings
and morphisms as nodes. They bridge category theory—which gives semantic models to programming
languages and logics—to the concrete language of graphs fundamental in compiler design; see Ghica
and Zanasi [18] for the 𝜆-calculus setting and Tiurin et al. [33] for e-graphs without bindings. In
our string diagrams, which are oriented left-to-right and bottom-to-top, the structure of symmetric
monoidal categories is absorbed into the graphical syntax, with composition and tensoring represented
by juxtaposition and symmetries as weaving of strings.

We require a concrete encoding of string diagrams, analogous to the de Bruijn index representation of
𝜆-terms. For this we use hypergraphs [6]: hypergraph isomorphism rigorously expresses when string
diagrams “look the same” topologically, and string-diagrammatic equational reasoning is formalised
as DPO rewriting over these hypergraphs [6]. For variable binding and equivalence classes we rely on
functorial boxes [24], represented via hierarchical hypergraphs [5].
Revisiting the earlier example in Figure 1, observe that the two occurrences of 𝑓 are now shared.

The scope of a 𝜆-abstraction is a rounded box with the bound variable as a wire on the frame, the

application node a half-circle , and sharing a copy node .

1.3 E-graphs

E-graphs simultaneously represent several equivalent terms of an algebraic theory by generalising term
graphs to include equivalence classes of subterms. E-classes (dashed boxes) contain e-nodes representing
equivalent terms with the same root; e-nodes reference e-classes rather than other e-nodes. Extracting a
term amounts to choosing one e-node per e-class; different choices yield equivalent terms. Figure 2 shows
how a series of rewrite rules are non-destructively applied to an e-graph [34], alongside the equivalent
string diagram representation using e-hypergraphs [33]. Applying a rewrite rule to an e-graph amounts
to adding new e-nodes into the e-graph and merging e-classes for the left-hand side and right-hand
side of the rewrite rule, instantiating the variables in the rule with the e-classes according to the match.
The key difference that can be noted in string-diagrammatic representation, is that the dashed boxes
that correspond to e-graph e-classes are just ordinary nodes that happen to have hierarchical structure.
These boxes have enough inputs to cater for each subdiagram inside, explicitly deleting the unnecessary
wires inside each component using .

1.4 Conventional vs. slotted vs. categorical e-graphs with binding

A common approach to 𝛽-reduction in e-graphs uses special explicit-substitution nodes with associated
rewrite rules [34, 23]. In our categorical representation these nodes are unnecessary, since explicit
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Figure 1: String-
diagrammatic
representation of
𝜆 𝑓 . 𝑓 ((𝜆𝑥. 𝑓 𝑥)2).
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Figure 2: E-graph example (top) and its equivalent string diagram representation
(bottom) [33]

substitution is modelled as composition. Figure 4a illustrates successive 𝛽-reductions in a conventional
e-graph for (𝜆𝑥.(𝑦+𝑦)+𝑥)1; Figure 4b shows the same reduction via string diagrams, where 𝛽-reduction
is simply re-wiring when an application node meets an abstraction. Using de Bruijn indices instead
would only push the problem elsewhere: it greatly increases the complexity of encoding the reduction as
a rewrite rule, requiring meta-syntactic shifting operators on the right-hand side [23].
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Figure 3: Extensions of e-graphs to handle binding
in 𝜆𝑥.(𝑎+𝑏)+(𝑥+𝑐).

Recent work on slotted e-graphs [29] addresses
the sharing issues by incorporating variables as
first-class data and making binding a built-in op-
eration, guaranteeing freshness inside binders and
differentiating bound from free variables. An ex-
ample is shown in Figure 3a: each e-class is pa-
rameterised by a set of free variables and can be
“invoked” by supplying concrete variable names.
We can achieve a similar degree of sharing via clo-
sure conversion in our setting (Figure 3b). The key
difference is that slotted e-graphs solve variable
binding generically using nominal techniques appli-
cable to arbitrary formal languages with binders
(e.g. 𝜋-calculus), while our approach embeds into
the internal language of our categorical model, using metatheoretic 𝜆-abstraction to handle variable
binding. We provide a case study in Section 7, where we argue that our approach has particular
advantages for e-graphs for (variations of) 𝜆-calculus. Our categorical model can also help justify the
congruences maintained by slotted e-graphs, as we elaborate in Section 2. We note that Schneider et
al. [29] focus on the e-graph as a data structure with a full implementation, while we focus on the
foundational categorical semantics of e-graphs with binding and their combinatorial representation. We
hope our work serves as a foundation for semantics of e-graphs with bindings, a currently underdeveloped
area [35, 31].

1.5 Contributions

Our contribution is the construction of a form of e-graphs that support binding, developed through
a principled categorical approach. Specifically, we extend a prior categorical semantics for e-graphs
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(b) String-diagrammatic substitution example.
Figure 4: Conventional e-graphs vs. categorical e-graphs with binding.

without binding by incorporating a monoidal closed structure. Tiurin et al. [33] shows that e-graphs over
signature Σ can be represented as morphisms of a free Cartesian symmetric monoidal semilattice-enriched
category over the same signature. We argue that restricting the categorical domain to free closed
symmetric monoidal semilattice-enriched categories gives rise to structures that naturally support binding
and equivalence classes of morphisms. That is, morphisms (string diagrams) of such category can both
encode variable binding (using the closed structure) and equivalence (using the semilattice enrichment)
between subterms (sub-diagrams). We call these string diagrams, or more precisely, the combinatorial
representation of them, closed e-hypergraphs. First, we define closed enriched Σ-terms which generate
a theory with equivalences and bindings. Then we define what closed e-hypergraphs are and provide
the interpretation of closed enriched Σ-terms as cospans of e-hypergraphs (and by doing this we also
formalise the corresponding string diagrams as concrete combinatorial objects). Next we formulate the
DPO rewriting for closed e-hypergraphs and show that this notion of rewriting is sound and complete
with respect to rewriting of closed enriched Σ-terms modulo SMC equations. We describe what benefits
the closed e-hypergraph representation may bring for equality saturation in the context of 𝜆-calculus
with explicit substitution compared to conventional (slotted) e-graphs in Section 7.

2 Categorical semantics of E-Graphs with Bindings

This section introduces preliminaries on symmetric monoidal semilattice-enriched categories generated by
monoidal theories, and the string diagram formalism used to represent them. We also show a specific
case of closed monoidal semilattice-enriched categories and how the closed structure interacts with the
enrichment.

We use (#) to denote the composition in diagrammatic order and use sym for the symmetry natural



transformation for a (strict) tensor (⊗). We also omit subscripts on identities and natural transformations
where it can be inferred.
Definition 2.1. A monoidal signature Σ= (Σ𝑂,Σ𝑀 ,𝑡) is given by a set of objects (called types) Σ𝑂, a
set of generators (operations) Σ𝑀 and a type assignment function 𝑡 : Σ𝑀→Σ∗

𝑂
×Σ∗

𝑂
assigning lists of

input and output types to a given operation.

Definition 2.2. The set of Σ-terms generated by monoidal signature Σ is given by the grammar:
𝜏F𝜙 | id𝐼 | id𝐴 | sym𝐴,𝐵 |𝜏1#𝜏2 |𝜏1⊗𝜏2, where 𝜙∈Σ𝑀 and 𝐴,𝐵∈Σ𝑂.

Identities and symmetries of complex types, e.g. id𝐴⊗𝐵 and sym𝐴⊗𝐵,𝐶, are given by the composition
and tensoring of id𝐴 and sym𝐴,𝐵 as, e.g. id𝐴⊗𝐵= id𝐴⊗id𝐵 and sym𝐴⊗𝐵,𝐶= (id𝐴⊗sym𝐵,𝐶)#(sym𝐴,𝐶⊗id𝐵).
Definition 2.3. The free symmetric monoidal category S(Σ) is given by a set of Σ-terms quotiented by
the axioms of a symmetric monoidal category. The objects are lists of types from Σ𝑂 with tensoring
given by list concatenation.

Definition 2.4. A symmetric monoidal theory SMT(Σ,E) is given by a set of Σ-terms quotiented by a
set of equations E consisting of pairs of appropriately typed Σ terms 𝑙=𝑟.

Definition 2.5. A categorical presentation of SMT(Σ,E) is a free symmetric monoidal category S(Σ,E)
given by a set of Σ terms quotiented by the laws of a symmetric monoidal category and E.

We can similarly consider closed terms that give rise to a free closed symmetric monoidal category.
Definition 2.6. A (right) closed monoidal category is a monoidal category C satisfying that for every
pair of objects 𝐵,𝐶 there is an object 𝐵⊸𝐶 and a morphism ev𝐵,𝐶 : (𝐵⊸𝐶)⊗𝐵→𝐶, and for every
triple of objects 𝐴,𝐵,𝐶 there is an operation Λ𝐴,𝐵,𝐶 :C(𝐴⊗ 𝐵,𝐶) →C(𝐴,𝐵⊸𝐶) such that for all
𝑓 :𝐴⊗𝐵→𝐶 and 𝑔 :𝑍→𝐴 the following equations hold:

𝑓 =Λ𝐴,𝐵,𝐶 ( 𝑓 )⊗id𝐵#ev𝐵,𝐶, id𝐵⊸𝐶=Λ𝐵⊸𝐶,𝐵,𝐶 (ev𝐵,𝐶),
Λ𝑍,𝐵,𝐶 (𝑔⊗id𝐵# 𝑓 )=𝑔#Λ𝐴,𝐵,𝐶 ( 𝑓 ).

This is equivalent to defining a (right) closed monoidal category as one admitting an adjunction
−⊗𝐵⊣𝐵⊸− for every object 𝐵. If the tensor is symmetric, then the monoidal category is closed.
Definition 2.7. Closed Σ-terms are defined inductively by first defining a family of objects 𝑜𝑏 𝑗Σ𝑂 .

• A designated 𝐼 is in 𝑜𝑏 𝑗Σ𝑂 and for all 𝐴∈Σ𝑂, 𝐴∈𝑜𝑏 𝑗Σ𝑂 .
• If 𝐴∈𝑜𝑏 𝑗Σ𝑂 and 𝐵∈𝑜𝑏 𝑗Σ𝑂 , then 𝐴⊗𝐵∈𝑜𝑏 𝑗Σ𝑂 and 𝐴⊸𝐵∈𝑜𝑏 𝑗Σ𝑂 .
A family of closed Σ terms is then defined by:

• 𝜙 : 𝐴→𝐵∈Σ𝑀 is a closed Σ-term, once we turned lists into tensors;
• if 𝐴 and 𝐵 are 𝑜𝑏 𝑗Σ𝑂 , then id𝐴 and sym𝐴,𝐵 are closed Σ-terms;
• if 𝑓 : 𝐴→𝐵 and 𝑔 :𝐵→𝐶 are closed Σ-terms, then so is 𝑓 #𝑔 :𝐴→𝐶;
• if 𝑓 : 𝐴→𝐵 and 𝑔 :𝐶→𝐷 are closed Σ-terms, then so is 𝑓 ⊗𝑔 : 𝐴⊗𝐶→𝐵⊗𝐷;
• if 𝐴 and 𝐵 are 𝑜𝑏 𝑗Σ𝑂 , then ev𝐴,𝐵 : (𝐴⊸𝐵⊗𝐴)→𝐵 is a closed Σ-term;
• if ℎ : 𝑋⊗𝐴→𝐵 is a closed Σ-term, then Λ𝑋,𝐴,𝐵(ℎ) : 𝑋→(𝐴⊸𝐵) is a closed Σ-term.

Definition 2.8. The free closed symmetric monoidal category CS(Σ) is given by a set of closed Σ-terms
quotiented by the laws of a symmetric monoidal category and the equations from Definition 2.6. We can
similarly consider a free closed symmetric monoidal category CS(Σ,E) induced by a SMT(Σ,E) over
closed Σ-terms.

To encode equivalences between morphisms (or Σ-terms), the Hom sets of the corresponding free
categories can be endowed with the additional structure of a semilattice induced by an idempotent,
commutative and associative operator join + as presented by Tiurin et al. [33]. This is modelled by
enrichment in semilattices, yielding SLat-categories where SLat is the category of unbounded semilattices
and homomorphisms between them (see Appendix A).
Definition 2.9 (SLat-category). An SLat-category C is defined by the following data:

• a set of objects C;
• for every pair of objects 𝐴,𝐵∈C — a Hom semilattice C(𝐴,𝐵) ∈SLat;



• for every triple of objects 𝐴,𝐵,𝐶 ∈C — a composition morphism ◦ : C(𝐵,𝐶)⊗C(𝐴,𝐵)→C(𝐴,𝐶) of
SLat;

• for every object 𝐴 ∈C — a unit morphism 𝑢𝐴 : 𝐼→C(𝐴,𝐴), where 𝐼 is the monoidal unit {∗} for
SLat1,

such that the coherence diagrams for associativity and unitality of composition commute.

SLat is sufficiently close to Set that Hom semilattices can be thought of as the ordinary notion of
Hom sets with additional semilattice structure; unit morphisms are as usual, and composition works
similarly to composition in categories with an extra condition of respecting the join: as it is a semilattice
homomorphism, we require that ( 𝑓 +𝑔)# ℎ= 𝑓 # ℎ+𝑔# ℎ and 𝑓 # (𝑔+ℎ)= 𝑓 #𝑔+ 𝑓 # ℎ.
Definition 2.10 (SLat-functor). Let C and D be two SLat-categories. An SLat-functor 𝐹 : C→D is
defined by the following data:
• a mapping on objects 𝐴 of C to 𝐹𝐴 of D;
• for each pair of objects 𝐴,𝐵 of C, a morphism in SLat 𝐹𝐴,𝐵 : C(𝐴,𝐵)→D(𝐹𝐴,𝐹𝐵);
such that certain coherence diagrams, enforcing the preservation of composition and units, commute.

As before, this is like an ordinary functor, except with an additional requirement that its action on
morphisms respects the join: 𝐹( 𝑓 +𝑔)=𝐹( 𝑓 )+𝐹(𝑔).

The collection of SLat-categories and SLat-functors form an SLat-category SLat–Cat2, and for any
pair of SLat-categories C and D, the product SLat-category C×D is defined analogously to categories.
Definition 2.11 (Symmetric monoidal SLat-category). A symmetric monoidal SLat-category is given
by a SLat-category C that additionally has: a unit object 𝐼 ∈C, an SLat-functor tensor ⊗ : C×C→C,
such that particular coherence diagrams analogous to those for symmetric monoidal categories commute.

This is completely analogous to a symmetric monoidal category, with the fact that the tensor is an
SLat-functor ensuring compatibility with the join: 𝑓 ⊗(𝑔+ℎ)= 𝑓 ⊗𝑔+ 𝑓 ⊗ℎ and ( 𝑓 +𝑔)⊗ℎ= 𝑓 ⊗ℎ+𝑔⊗ℎ.
We take ⊗ to bind more tightly than +.
Proposition 2.12. (A specialised case of Proposition 6.4.7 [8] and Theorem 5.7.1 [12]) There is
a 2-adjunction F ⊣ U : SLat–Cat→ Cat induced by the usual (symmetric monoidal) free-forgetful
adjunction 𝐹 ⊣𝑈 : SLat→Set. Moreover, F and U preserve symmetric monoidal structure, sending
symmetric monoidal categories to symmetric monoidal SLat-categories and vice versa.

In particular, the 2-functor F turns every category C0∈Cat freely into a semilattice-enriched category
C∈SLat–Cat by making every Hom set of C0 into the free semilattice on that set along 𝐹. Being a
2-functor, it preserves dualities (in the 2-categorical sense): it lifts an adjunction in between categories in
Cat into an SLat-adjunction between their free semilattice-enriched counterparts. We take closure, in
the sense of Definition 2.6, to be defined generally for SLat-categories by an analogous SLat-adjunction
−⊗𝐵⊣𝐵⊸− for every object 𝐵. Thus, applying the 2-functor F to CS(Σ) we get a closed symmetric
monoidal SLat-category CS(Σ)+ by this lifting. We can similarly derive SLat-enriched versions of Λ𝐴,𝐵,𝐶

and ev𝐴,𝐵 morphisms using the lifted adjunction as ev𝐴,𝐵 = 𝜀𝐴 and Λ𝐴,𝐵,𝐶 ( 𝑓 ) = 𝜂𝐴 # (𝐵⊸ 𝑓 ). The
following distributivity law can then be derived, forming the basis of encoding equivalences inside
abstractions:

Λ𝐴,𝐵,𝐶 ( 𝑓 +𝑔)=𝜂𝐴#(𝐵⊸ ( 𝑓 +𝑔))=𝜂𝐴#(𝐵⊸ 𝑓 +𝐵⊸𝑔)
=𝜂𝐴#(𝐵⊸ 𝑓 )+𝜂𝐴#(𝐵⊸𝑔)=Λ𝐴,𝐵,𝐶 ( 𝑓 )+Λ𝐴,𝐵,𝐶 (𝑔).

(1)

Similar to CS(Σ), CS(Σ)+ can be freely generated from a set of closed Σ+-terms as follows. The set of
closed Σ+-terms is constructed just like the set of closed Σ-terms, with + being an additional constructor
for terms. Terms of CS(Σ)+ are quotiented by the laws of closed symmetric monoidal SLat-categories.
The same applies in the presence of equations for CS(Σ,E)+.

1Semilattice homomorphisms {∗}→𝑃 are in bijection with the elements of 𝑃 as a set, so this is an element of the
underlying set of C(𝐴,𝐴).

2More generally, if we were to define SLat-natural transformations, we could view SLat–Cat as a symmetric monoidal
2-category [22].
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To aid reasoning, we introduce a new language of string diagrams for closed symmetric monoidal
SLat-categories, using a hierarchical “dashed box” structure to capture the join operation on morphisms
(as was done by Tiurin et al. [33]) as well as another hierarchical “rounded box” for 𝜆-abstraction.
Figure 5 displays the generators of this language, which is the usual string-diagrammatic syntax [30]
plus the syntax for 𝜆-abstraction as established by Ghica and Zanasi [18] and syntax for semilattice
enrichment as introduced by Tiurin et al. [33]; the first component denotes an empty diagram.

2.1 Categorical foundations for slotted e-graphs

Slotted e-graphs [29] extend the traditional signature employed by e-graphs by an explicit construct for
binding (bind$𝑥 𝑡𝑐) and variables (slots). Their syntax is generated by the following grammar:

(functional symbols) 𝑓 ,𝑔,...;

(slots) $𝑥,$𝑦,...;

(term children) 𝑡𝑐F 𝑡 | 𝑡𝑐1, ..., 𝑡𝑐𝑛 |bind$𝑥 𝑡𝑐 |$𝑥; 𝑛≥1
(terms) 𝑡F 𝑓 | 𝑓 (𝑡𝑐).

The traditional congruence relation maintained by e-graphs for a set of equations 𝐸 is given below (plus
the obvious rules for transitivity, symmetry and reflexivity of �):

𝑎=𝑏∈𝐸
𝐸 ⊢𝑎�𝑏

start
𝐸 ⊢𝑡𝑐𝑖 � 𝑡𝑐′𝑖,𝑖=1,...,𝑘

𝐸 ⊢𝑡𝑐1,...,𝑡𝑐𝑘 � 𝑡𝑐′1,...,𝑡𝑐′𝑘
cong. (variadic)

𝐸 ⊢𝑡𝑐� 𝑡𝑐′

𝐸 ⊢ 𝑓 (𝑡𝑐1)� 𝑓 (𝑡𝑐′)
cong. (f)

Slotted e-graphs extend these with the following:

𝐸 ⊢𝑡𝑐� 𝑡𝑐′

𝐸 ⊢bind$𝑥 𝑡𝑐�bind$𝑥 𝑡𝑐′
cong. (bind)

, (2)

plus the rules for equivalence of terms up to renaming of slots. The earlier work of Tiurin et al. [33]
that introduced free semilattice enrichment to describe e-graphs using morphism terms used the join
operation + of a semilattice to denote the equivalence of morphism subterms. For example, the e-graph
(b) from Figure 2 can be written as a term as

(𝑎⊗((2# )⊗(1#𝑖𝑑))#sym)#((∗⊗ +(𝑖𝑑⊗ ⊗𝑖𝑑)#<<)⊗𝑖𝑑)#/ ,
where + encodes the equivalence of the subterms rooted at ∗ and <<. We can see that the first three
rules (plus reflexivity, symmetry, and transitivity) above correspond to idempotence, commutativity
and associativity of + and the fact that + respect the composition3 (#). Moreover, we can also
justify Equation 2 from a purely categorical perspective, by the free enrichment as per Equation 1. We
do not require the additional rules regarding renaming as string diagrams are essentially a nameless
representation of terms. There is a distinction here because some renaming rules are not consistent with
string diagrams: slotted e-graphs try to represent, e.g., terms (𝑎+𝑏) and (𝑐+𝑑) as a single entity (up to
renaming of free variables), unlike string diagrams (unless we do closure conversion—see Figure 3).

3For example, given a morphism 𝑓 #(𝑎+𝑏), we know it is equal to 𝑓 #𝑎+ 𝑓 #𝑏 as per the axioms of the category.



3 String Diagram Rewrite Theory

We recall the fundamental definitions and results of string diagram rewrite theory for symmetric monoidal
categories, recapitulating the correspondence between string diagram rewriting and an appropriate notion
of double pushout (DPO) rewriting of certain hypergraphs, as established by Bonchi et al. [6, 7].

We write (−)∗ for the free monoid monad over Set, extended element-wise to relations; for 𝑅⊆𝑉×𝑊
and 𝑣 ∈ 𝑉 we write 𝑅(𝑣) ⊆ 𝑊 in functional notation. We elide coproduct associativity and unit
isomorphisms, write 𝜄 𝑗 for the 𝑗th injection into 𝑋1⊔···⊔𝑋𝑛, [ 𝑓 ,𝑔] for co-pairing, and 𝐴⊔ 𝑓 ,𝑔𝐵 for the

pushout of 𝐴
𝑓
←−𝐶

𝑔
−→𝐵; we call 𝐴,𝐵 the feet and 𝐶 the carrier of the cospan. Given an ordered sequence

of objects [𝐴1,...,𝐴𝑛], we write 𝑤([𝐴1,...,𝐴𝑛]) for the object obtained by tensoring them, 𝐴1⊗···⊗𝐴𝑛,
with 𝑤([])= 𝐼 the monoidal unit; e.g. 𝑤([𝐴,𝐵])=𝐴⊗𝐵.

3.1 Hypergraphs

Hypergraphs generalise directed graphs by allowing edges to have multiple (ordered) sources and
targets. Bonchi et al. [7] show that a certain class of hypergraphs with interfaces are sound and
complete for categorical presentations of arbitrary symmetric monoidal theories. They develop the use of
hypergraphs as combinatorial representations of string diagrams for symmetric monoidal categories,
whereby morphisms (nodes) are represented as hyperedges, and objects (wires) as vertices. String
diagram rewriting is then formalised as DPO rewriting of said hypergraphs. We briefly present this
correspondence, but the interested reader should consult the work of Bonchi et al. [6, 7].
Definition 3.1 (Category of hypergraphs). A hypergraph G over a monoidal signature Σ= (Σ𝑂,Σ𝑀) is
a tuple (𝑉,𝐸,𝑠,𝑡,𝑙), where 𝑉 is a finite set of vertices, 𝐸 is a finite set of hyperedges, 𝑠 : 𝐸→𝑉∗ is a source
function, 𝑡 : 𝐸→𝑉∗ is a target function, and 𝑙= (𝑙𝑉 : 𝑉→Σ𝑂,𝑙𝐸 : 𝐸→Σ𝑀) is a pair of labelling functions
that assigns each hyperedge and vertex a generator and a type from monoidal signature Σ respectively.
The labelling function must respect the typing of the generator:

∀𝑒∈𝐸.𝑙(𝑒)=𝑐 :𝐴→𝐵 =⇒ 𝑙∗𝑉 (𝑠(𝑒))=𝐴 and 𝑙∗𝑉 (𝑡(𝑒))=𝐵.

We call a hypergraph discrete if its set of hyperedges is empty.
A hypergraph homomorphism 𝜙 : F→G is given by a pair of functions 𝜙𝑉 : 𝑉F→𝑉G,𝜙𝐸 : 𝐸F→𝐸G

which respect source, target, and labelling.
Hyp(Σ) denotes the category of hypergraphs and hypergraph homomorphisms over Σ.

String diagrams also have dangling wires exiting at their top/bottom boundaries, corresponding to
special input and output vertices.

Definition 3.2 (Hypergraphs with interfaces). A hypergraph with interfaces is a cospan 𝑛
in−→G out←−−𝑚 in

Hyp(Σ) where 𝑛, 𝑚 are discrete hypergraphs denoting input and output interfaces. We write HypI(Σ)
for the full subcategory of the quotient category of cospans4 of Hyp(Σ) whose objects are discrete
hypergraphs and morphisms are isomorphism classes of cospans of hypergraphs5.

Additional constraints on hypergraphs are needed to put them in bijective correspondence with string
diagrams in a symmetric monoidal category: monogamy, which enforces that in and out are injective and
constrain the in-degree and out-degree of vertices in G, and acyclicity, which states that there are no
loops in the hypergraph. Together, these ensure that a hypergraph with interfaces “looks like” a string
diagram, and determines a subcategory MHypI(Σ) ↩→HypI(Σ) — the category of monogamous directed

4This is the 1-categorical version of the bicategory of cospans: for a bicategory, its quotient category is given by the
same objects but by taking isomorphism classes of morphisms instead.

5By abuse of notation, we ignore the distinction between a cospan and its isomorphism class — this is validated by
replacing “pushout” (which is only determined up to unique isomorphism) by “chosen pushouts”, which any concrete
setting (e.g. an implementation of DPO rewriting) would satisfy.



acyclic (MDA) hypergraphs with interfaces. An example and a non-example of an MDA cospan can be
found in Appendix B.

There is a symmetric monoidal equivalence which witnesses that MDA hypergraphs with interfaces
are precisely string diagrams.
Theorem 3.3 (Corollary 26 of [7]). S(Σ)�MHypI(Σ)

The practical meaning of this is that two Σ-terms 𝑓 and 𝑔 are equal modulo symmetric monoidal
category equations if and only if they are represented as the same hypergraph with interfaces. Appendix D
explains the functor underlying this equivalence explicitly. Term rewriting and hence equality modulo E
is then implemented as DPO rewriting over such hypergraphs with interfaces, which we recall.

3.2 DPOI-Rewriting for Hypergraphs with Interfaces

L 𝑖⊔ 𝑗 R

G L⊥ H

𝑛⊔𝑚

𝑓

⌟ ⌟

The rewriting of hypergraphs with interfaces (and hence of string
diagrams) is formalised as double-pushout rewriting with interfaces
(DPOI) [6, 7], whose defining diagram is shown on the right. A rewrite
rule is a pair of discrete cospans with matching interfaces, 𝑖−→L←− 𝑗
and 𝑖−→R←− 𝑗, equivalently encoded as a single span L←−𝑖⊔ 𝑗−→R [6,
Remark 3.14]; we make this identification throughout. Applying the
rule to G (with interface 𝑛⊔𝑚) proceeds in two pushout steps. A match 𝑓 : L→G locates an occurrence
of L; the left pushout square computes the pushout complement L⊥ — what remains of G after excising
the matched part, with both 𝑛⊔𝑚 and 𝑖⊔ 𝑗 contributing to the interface, the latter corresponding to
newly created inputs and outputs of the hole. The right pushout square then glues R into this context,
producing the rewritten graph H , with the interface 𝑛⊔𝑚 threaded through both steps.
Definition 3.4 (DPOI rewriting). Given a span of morphisms G←− 𝑛⊔𝑚 −→H in Hyp(Σ), we say
G rewrites to H with interface 𝑛⊔𝑚 via rewrite rule L←− 𝑖⊔ 𝑗 −→R if there exists an object L⊥ and
morphisms completing the commutative diagram above such that the two marked squares are pushouts.

For soundness and completeness with respect to Σ-term rewriting modulo SMC, matches are restricted
to convex matches and pushout complements to boundary complements (see Appendix B). Bonchi et
al. [7] show that any two Σ-terms 𝑓 and 𝑔 are equal modulo SMC and E if and only if J 𝑓 K⇛ JEKJ𝑔K,
where J−K is the functor from Theorem 3.3 and JEK= {⟨J𝑙K,J𝑟K⟩,⟨J𝑟K,J𝑙K⟩ | 𝑙 = 𝑟 ∈ E}. Next, we build
a combinatorial representation for closed Σ+-terms to obtain a notion of DPOI rewriting that also
subsumes equality modulo the laws of closed symmetric monoidal SLat-categories.

4 Closed E-Hypergraphs

Tiurin et al. [33] introduced e-hypergraphs — a combinatorial representation of morphism terms for free
symmetric monoidal SLat-categories with a modified notion of DPOI rewriting to make it sound and
complete for equalities between morphism terms. The SLat-enrichment structure was encoded using
hierarchical hyperedges in a hypergraph following the approach of a well-established body of literature
on hierarchical hypergraphs [14, 10, 27, 9, 20, 5]. The last work in loc. cit. introduced a combinatorial
representation of closed Σ-terms (without enrichment). Notably, the laws of a SLat-enrichment used by
Tiurin et al. [33] and the laws of Definition 2.6 [5] were not absorbed by the combinatorial representation
and instead were implemented on top as structural DPOI rewrites.

We follow an analogous approach by combining combinatorial representations of Alvarez-Picallo et
al. [5] and Tiurin et al. [33]. We next extend the definition of e-hypergraphs for symmetric monoidal
SLat-categories [33] to accommodate new structure brought by closure.



Definition 4.1. Over a closed symmetric monoidal signature Σ = (Σ𝑂,Σ𝑀), we define a closed
e-hypergraph G as a tuple

(𝑉,𝐸,𝑠,𝑡,𝑙𝑉 ,𝑙𝐸,<,<,⌣), where
• 𝑉 is a set of vertices.
• 𝐸= E ∪𝐸∪𝐸 is a set of hyperedges that is formed of three disjoint sets of hyperedges defined below.
• 𝑠,𝑡 : 𝐸→𝑉∗ are source and target functions.
• 𝑙𝐸 : 𝐸→Σ𝑀⊔1, 𝑙𝑉 : 𝑉→Σ𝑂∪obj⊸ are label functions, where obj⊸ consists of objects 𝐴⊸𝐵 for

𝐴,𝐵∈𝑜𝑏 𝑗Σ𝑂 .
• <⊆ 𝐸×(𝑉⊔𝐸) and <⊆ 𝐸×(𝑉⊔𝐸) with 𝐸,𝐸 ⊂ 𝐸 are disjoint partial orders that are defined as a

transitive closure of corresponding immediate predecessor relations that we denote as <𝜇 and <𝜇 . For
𝑥∈𝑉⊔𝐸, the set of predecessors of 𝑥 is denoted as [𝑥)≔{𝑥′ | ∃𝑦1=𝑥′,...,𝑦𝑛=𝑥,𝑦𝑖<𝜇 𝑦𝑖+1 or 𝑦𝑖<

𝜇 𝑦𝑖+1 }.
We call edges 𝑒 such that 𝑙(𝑒) =⊥ hierarchical and edges 𝑒 and vertices 𝑣 such that [𝑒) =∅ and
[𝑣)=∅ top-level. Each of these relations should satisfy the following:
1. each set of predecessors consists exclusively of hierarchical edges;
2. each 𝑥 has at most one immediate predecessor;
3. edges 𝑒 such that there is no 𝑥 such that 𝑒<𝜇 𝑥 or 𝑒<𝜇 𝑥 are labelled;
4. the relations are closed under connectivity, i.e., if 𝑣∈ 𝑠(𝑒) then 𝑒′<𝜇 𝑒 if and only if 𝑒′<𝜇 𝑣, similarly

for 𝑣∈ 𝑡(𝑒) and <𝜇 .
• ⌣ is a consistency relation which is given by the union of a family of equivalence relations ⌣𝑝 on

each set {𝑥∈𝑉⊔𝐸 | 𝑝<𝜇𝑥} of elements which share the same parent where each relation is also closed
under connectivity, i.e. if 𝑣∈ 𝑠(𝑒) or 𝑣∈ 𝑡(𝑒) such that 𝑝<𝜇 (𝑣) and 𝑝<𝜇 (𝑒) then 𝑣⌣𝑝𝑒. We require
that ⌣𝑝≠ (𝐸𝑝⊔𝑉𝑝)×(𝐸𝑝⊔𝑉𝑝) where 𝑉𝑝={𝑣 | 𝑝<𝜇 𝑣} and 𝐸𝑝={𝑒 | 𝑝<𝜇 𝑒}.

𝐸 and 𝐸 are then induced by the corresponding relations and consist of exclusively hierarchical edges, so
E =𝐸\𝐸∪𝐸.
Intuitively, edges from 𝐸 encode equivalence classes, i.e. e-classes, while edges from 𝐸 encode 𝜆-

abstraction boxes. Also note the typing on the 𝑙𝑉 function. We work with freely generated closed
SLat-categories, and to avoid unnecessary complications we limit the labelling of vertices to such a type.
This prohibits the labelling of vertices by e.g. 𝐴⊗𝐵, but allows them to be labelled by 𝐴⊗𝐵⊸𝐶⊗𝐷.
< defines closed monoidal structure as defined by Alvarez-Picallo et al. [5] and (<,⌣) defines SLat
structure as per Tiurin et al. [33].
Consider an example in the middle part of Figure 6a. The closed e-hypergraph there is given by

𝑉 = {𝑣1,...𝑤10}, 𝐸 = {𝑒1,...,𝑒7}, 𝐸 = {𝑒1}, 𝐸 = {𝑒2}, 𝑙𝐸 =𝑒1 ↦→⊥,𝑒2 ↦→⊥,𝑒3 ↦→𝑔,...,𝑒7 ↦→ 𝑓 ; the elements of
the involved relations are shown in Figure 6b, and, in particular, we have [𝑒5)={𝑒2,𝑒1}. ⌣𝑒1 defines a
partition on immediate successors of 𝑒1 which we delimit by a dashed line. We depict edges in 𝐸 with a
dashed box, and edges in 𝐸 with a round box.
Definition 4.2 (Closed e-hypergraph homomorphism). A homomorphism 𝜙 : F→G between closed
e-hypergraphs F ,G is a pair of functions 𝜙𝑉 : 𝑉F→𝑉G,𝜙𝐸 : 𝐸F→𝐸G such that:
1. 𝜙 is a hypergraph homomorphism;
2. 𝜙𝐸 (𝐸F) ⊆𝐸G and 𝜙𝐸 (𝐸F) ⊆𝐸G;
3. for 𝑣∈𝑉F and 𝑒∈𝐸F

if 𝑒<
𝜇

F 𝑣 then 𝜙(𝑒)<𝜇

G 𝜙(𝑣), if 𝑒<
𝜇

F 𝑣 then 𝜙(𝑒)<𝜇

G 𝜙(𝑣),
and for 𝑒1,𝑒2∈𝐸F

if 𝑒1<
𝜇

F 𝑒2 then 𝜙(𝑒1)<𝜇

G 𝜙(𝑒2), if 𝑒1<
𝜇

F 𝑒2 then 𝜙(𝑒1)<𝜇

G 𝜙(𝑒2);
4. for all 𝑥1,𝑥2∈F , 𝑥1 ⌣F 𝑥2 implies 𝜙(𝑥1) ⌣G 𝜙(𝑥2).

The conditions on closed e-hypergraph homomorphisms require preserving immediate predecessors
and the consistency relation.
Definition 4.3 (Category of closed e-hypergraphs). The category of closed e-hypergraphs CEHyp(Σ)
has closed e-hypergraphs as objects and closed e-hypergraph homomorphisms as morphisms.
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(a) Example of a cospan of closed e-hypergraphs.

𝑣4<
𝜇 𝑒1 𝑣7<

𝜇 𝑒2 𝑣4⌣𝑒2 𝑣4 ̸⌣𝑣10
𝑒3<

𝜇 𝑒1 𝑣8<
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... ... ... ...
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𝜇 𝑒2 𝑣11⌣𝑣12 𝑤6 ̸⌣𝑤10

(b) Corresponding relations of the closed e-
hypergraph in the middle.

Figure 6

The category of closed e-hypergraphs has coproducts, given by the disjoint union of closed e-hypergraphs,
and an initial object given by the empty closed e-hypergraph. A concrete description of the pushout
of two morphisms in this category is given in Appendix C. Generally, the pushout of two closed
e-hypergraph homomorphisms need not exist, but it does when certain technical conditions are satisfied;
in particular, a pushout for the composition of two cospans with discrete feet always exists.

As in the case of S(Σ) andMHypI(Σ), closed e-hypergraphs require interfaces in order to model string
diagrams with dedicated inputs and outputs. Because string diagrams for closed symmetric monoidal
SLat-categories are nested, containing substring diagrams inside e-class boxes and 𝜆-abstraction boxes,
we need to account for the interfaces in these nested contexts as well. Nested inputs and outputs of a
string diagram do not participate in composition of string diagrams, hence they need to be distinguished
from the ones which do. We thus propose extended cospans of discrete closed e-hypergraphs and use
the notation 𝑛\𝑚 to denote the discrete closed e-hypergraph with 𝑛\𝑚 vertices, in particular with the
vertices of 𝑚 removed from 𝑛 when vertices of 𝑚 is a sub closed e-hypergraph of 𝑛.
Definition 4.4 (Category of closed e-hypergraphs with interfaces). The category of closed e-hypergraphs
with extended interfaces CEHypI(Σ) has discrete ordered closed e-hypergraphs as objects, with Hom
sets CEHypI(Σ)(𝑛,𝑚) consisting of isomorphism classes (Definition 4.5) of extended cospans, defined as:

𝑛
𝑓𝑒𝑥𝑡−−−→𝑛′

𝑓𝑖𝑛𝑡−−−→G
𝑔𝑖𝑛𝑡←−−−𝑚′

𝑔𝑒𝑥𝑡←−−−𝑚,
where G is a closed e-hypergraph, and 𝑛,𝑛′,𝑚,𝑚′ are discrete ordered closed e-hypergraphs, 𝑓𝑒𝑥𝑡 ,𝑔𝑒𝑥𝑡
are monomorphisms in CEHyp(Σ), and the image of 𝑓𝑒𝑥𝑡 # 𝑓𝑖𝑛𝑡 and of 𝑔𝑒𝑥𝑡 #𝑔𝑖𝑛𝑡 consist exclusively of
top-level vertices, and the vertices in the strictly internal interface (defined below) are not top-level.
Write G to denote the extended cospan when it is clear from context G is equipped with extended
interfaces.

We call 𝑛 external input interfaces, 𝑛′ internal input interfaces, and 𝑛′\ 𝑓𝑒𝑥𝑡 (𝑛) the strictly internal
input interfaces. We do analogously for the output interfaces, with respect to 𝑚, 𝑚′ and 𝑚′\𝑔𝑒𝑥𝑡 (𝑚).
We conflate 𝑓𝑒𝑥𝑡 with 𝑓𝑒𝑥𝑡 # 𝑓𝑖𝑛𝑡 when it is clear from context, and also conflate 𝑛 and 𝑚 with their
images in 𝑛′ and 𝑚′, and likewise 𝑛,𝑚,𝑛′,𝑚′ with their images in G. Given an edge 𝑒∈𝐸G such that
𝑙(𝑒)=⊥, we call the inputs of 𝑒 the intersection of the strictly internal input interface of G with the
immediate successors of 𝑒, and analogously for the outputs of 𝑒. Graphically, we depict such extended
cospans as in Figure 6a: feet of the cospan are depicted within shaded regions. All non-black vertices
form strictly internal interfaces. We follow the same orientation that we chose for string diagrams — the



input interface of the cospan is at the bottom and the output interface is at the top.
Definition 4.5 (Isomorphic cospans). Consider a relation

𝑅=
{
𝑥𝑅𝑦 if 𝑓int(𝑥)⌣𝑓int(𝑦)or∃𝑧s.t.𝑧<𝜇 𝑓int(𝑥) and 𝑧<𝜇 𝑓int(𝑦)

}
for 𝑥,𝑦∈𝑛′, with 𝑆 its reflexive closure. The latter partitions 𝑛′ into non-empty subsets {𝑝 𝑗}𝑘𝑗=1. We get

an analogous partition for 𝑚′. In Figure 6a, colours denote the partitions for input and output internal
interfaces. Two extended cospans are isomorphic if there exist isomorphisms 𝛼, 𝛽 and 𝛾 making the
following diagram commute and such that 𝛼 and 𝛾 preserve order within each 𝑝 𝑗.

n

n′ G m′

n′′ G′ m′′
mα β γ

Intuitively, such notion of isomorphism makes it possible to freely rearrange interfaces for disjoint

components. For example, in the input interface of cospan in Figure 6a, we can swap
𝑣4𝑣5𝑣6

with
𝑣7𝑣8𝑣9

but we can not swap
𝑣4𝑣5

with each other as it would result in a non-isomorphic cospan.

n′
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m′

m
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G

n k

k′
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ext

f ′
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gext

gint

H

fext

fint

g′ext

g′int

p1 p2

Composition of two morphisms 𝑛
𝑓𝑒𝑥𝑡−−−→𝑛′

𝑓𝑖𝑛𝑡−−−→F
𝑓 ′
𝑖𝑛𝑡←−−−𝑚′

𝑓 ′𝑒𝑥𝑡←−−−𝑚
and 𝑚

𝑔𝑒𝑥𝑡−−−→𝑚′′
𝑔𝑖𝑛𝑡−−−→G

𝑔′
𝑖𝑛𝑡←−−− 𝑘′

𝑔′𝑒𝑥𝑡←−−− 𝑘 is computed in two stages.
First, H is computed as the result of the pushout square shown
on the right; then, the result of composition is defined as follows:

𝑛
𝑓𝑒𝑥𝑡#𝜄1−−−−−−→𝑛′⊔(𝑚′′\𝑚) ℎ1−−→H ℎ2←−−𝑘′⊔(𝑚′\𝑚)

𝑔′𝑒𝑥𝑡#𝜄1←−−−−−−𝑘
where ℎ𝑖 are defined as follows, using | to denote the restriction of a function on a discrete closed
e-hypergraph.

ℎ1= [ 𝑓𝑖𝑛𝑡 #𝑝1, (𝑔𝑖𝑛𝑡 #𝑝2)|𝑚′′\𝑚] ℎ2= [𝑔′𝑖𝑛𝑡 #𝑝2, ( 𝑓 ′𝑖𝑛𝑡 #𝑝1)|𝑚′\𝑚]
The identity of composition is given by the obvious extended cospan of identities. CEHypI(Σ) inherits
a symmetric monoidal structure from the coproduct (and initial object) structure of CEHyp(Σ),
analogously to Definition 3.2.
For the same reasons as in the case of S(Σ) we restrict cospans to MDA cospans. We also need to

enforce typing constraints on hierarchical edges so that they represent well-typed closed Σ+-terms.

Definition 4.6. We call a cospan 𝑛
𝑓ext−−−→𝑛′

𝑓int−−−→G
𝑔′int←−−−𝑚′

𝑔ext←−−−𝑚 monogamous directed acyclic if

• underlying hypergraph of G is directed acyclic;
• in- and out- degrees of every vertex is at most 1;
• 𝑓int and 𝑔int are monomorphisms;
• vertices with in-degree (respectively, out-degree) of 0 are precisely the image of 𝑓int (respectively, 𝑔int).

MDA cospans and discrete closed e-hypergraphs form a category MCEHypI(Σ).
Definition 4.7. We call a monogamous cospan

𝑛
𝑓ext−−−→𝑛′

𝑓int−−−→G
𝑔′int←−−−𝑚′

𝑔ext←−−−𝑚
well-typed if all hierarchical edges of G are well-typed:

• for each 𝑒∈𝐸 consider sets 𝐼 and 𝑂 of its input and output vertices partitioned according to ⌣𝑒; 𝑒 is
well-typed if for each element 𝑆 of the partition of 𝐼 𝑤(𝑙∗

𝑉
(𝑆))=𝑤(𝑙∗

𝑉
(𝑠(𝑒))) and similarly for 𝑂 and

𝑡(𝑒);
• for each 𝑒∈𝐸 consider sets 𝐼 and 𝑂 of its input and output vertices; 𝑒 is well-typed if there exists an
object 𝐵∈objΣ𝑂 such that 𝑤(𝑙∗

𝑉
(𝑠(𝑒)))⊗𝐵=𝑤(𝑙∗

𝑉
(𝐼)) and 𝐵⊸𝑤(𝑙∗

𝑉
(𝑂))=𝑤(𝑙∗

𝑉
(𝑡(𝑒))).

We denote the category of well typed MDA cospans as MCEHypI(Σ).
Again, considering Figure 6a, to make edge 𝑒1 well-typed, it is necessary that 𝑙∗

𝑉
([𝑣4,𝑣5,𝑣6]) =

𝑙∗
𝑉
([𝑣10, 𝑣11, 𝑣12]) = 𝑙∗

𝑉
([𝑣1, 𝑣2, 𝑣3]) and 𝑙∗

𝑉
([𝑤4,𝑤5,𝑤6]) = 𝑙∗

𝑉
([𝑤10, 𝑣12, 𝑣11]) = 𝑙∗

𝑉
([𝑤1,𝑤2,𝑤3]) (note



the change of ordering in the output of 𝑒1). To make edge 𝑒2 well-typed, it is necessary that
𝑙∗
𝑉
([𝑣4,𝑣5,𝑣9])= 𝑙∗𝑉 ([𝑣7,𝑣8,𝑣9]) and 𝑙𝑉 ([𝑢1])= 𝑙𝑉 ([𝑣9])⊸ 𝑙∗

𝑉
([𝑣8,𝑣7,𝑤9]).

5 DPOI-Rewriting for Closed E-Hypergraphs

Because extended cospans have a more general notion of interface, including internal vertices, DPOI
rewriting as presented in Section 3 needs some adjustments, which we define in this section. The
construction in this section closely follows the one introduced by Tiurin et al. [33] with some adjustments
to account for <. We do not expect internal interfaces to be preserved during rewriting: e.g. when the
semilattice equations are considered as rewrites. Thus, we wish a rewrite rule to be a pair of extended
cospans of closed e-hypergraphs with matching external (but not necessarily internal) interfaces:

𝑛−→𝑛′−→L←−𝑚′←−𝑚, 𝑛−→𝑛′′−→R←−𝑚′′←−𝑚.

Analogously to Section 3, observing that the cospan 0−→0−→L←−𝑛′⊔𝑚′←−𝑛⊔𝑚 expresses the same
data as 𝑛 −→ 𝑛′ −→ L ←− 𝑚′←− 𝑚 allows us to encode rewrite rules as extended cospans of the form
L ←− 𝑛′⊔𝑚′←− 𝑛⊔𝑚 −→ 𝑛′′⊔𝑚′′ −→ R, which fits into the DPO formalism. We implicitly make this
identification from hereon.

Before introducing extended DPOI rewriting, the definition of boundary complement must guarantee
that rewriting yields a monogamous directed acyclic closed e-hypergraph. First, we introduce the
ancillary notion of a down-closed graph:
Definition 5.1 (Convex down-closed subgraph). We call a sub closed e-hypergraph G of H down-closed
if for all 𝑒∈𝐸G, all children of 𝑒 are also in G. A sub e-hypergraph G is convex, if for all 𝑣,𝑤∈𝑉G, any
directed path from 𝑣 to 𝑤 in H consists entirely of vertices and edges in G.
Definition 5.2 (Extended boundary complement). For MDA cospans 𝑖 −→ 𝑖′ −→ L ←− 𝑗′ ←− 𝑗 and
𝑛−→𝑛′−→G←−𝑘′←−𝑘 and mono 𝑚 :L→G in CEHyp(Σ), a pushout complement 𝑖⊔ 𝑗→L⊥→G in the
square of

i ⊔ jL i′ ⊔ j′

G L⊥

n′ ⊔ k′

n ⊔ k

m [c1, c2]

[d1, d2]
[gint, hint]

[gext, hext]

[f ′
int, g

′
int] [f ′

ext, g
′
ext]

l

is a boundary complement if:

1. 𝑚(L) is a convex down-closed closed e-hypergraph;
2. [𝑐1,𝑐2] is a monomorphism;
3. for all 𝑣,𝑤 in G in the image of 𝑖⊔ 𝑗, 𝑣 and 𝑤 share the same sequence of predecessors, and either 𝑣,𝑤

are top-level, or 𝑣⌣𝑤, or there exists 𝑒∈𝐸 s.t. 𝑣,𝑤<𝜇 𝑒;
4. for all 𝑣,𝑤 in L⊥ in the image of 𝑖⊔ 𝑗, 𝑣 and 𝑤 share the same sequence of predecessors, and either

𝑣,𝑤 are top-level or 𝑣⌣𝑤, or there exists 𝑒∈𝐸 s.t. 𝑣,𝑤<𝜇 𝑒;
5. there exist 𝑑1 :𝑛→L⊥ and 𝑑2 :𝑘→L⊥ making the above triangle commute; and
6. if the image of L’s external interfaces under 𝑚 consists exclusively of top-level vertices of G then

there exists a well-typed extended MDA cospan

𝑛⊔ 𝑗
𝑓1⊔𝑖𝑑 𝑗−−−−−→𝑛′\(𝑖′\𝑖)⊔ 𝑗

[𝑔1,𝑐2]−−−−−−→L⊥
[𝑔2,𝑐1]←−−−−−−𝑘′\( 𝑗′\ 𝑗)⊔𝑖

𝑓2⊔𝑖𝑑𝑖←−−−−−𝑘⊔𝑖
7. if the image of L’s external interfaces under 𝑚 consists exclusively of not top-level vertices of G then

there exists a not necessarily well-typed extended MDA cospan

𝑛
𝑓1−−→𝑛′\(𝑖′\𝑖)⊔ 𝑗

[𝑔1,𝑐2]−−−−−−→L⊥
[𝑔2,𝑐1]←−−−−−−𝑘′\( 𝑗′\ 𝑗)⊔𝑖

𝑓2←−−𝑘



where 𝑓𝑖 and 𝑔𝑖 are defined as follows. The strictly internal interface 𝑖′\𝑖 of L is mapped to the internal
interface 𝑛′ of G, since L is a down-closed subgraph of G, inducing an identification of 𝑖′\𝑖 in 𝑛′. Then
map 𝑓1 is given by 𝑔𝑒𝑥𝑡 with its codomain restricted to 𝑛′\ (𝑖′\𝑖).6 The map 𝑔1 is derived from the
restriction of 𝑔𝑖𝑛𝑡 to type 𝑛′\(𝑖′\𝑖)→G by further observing that L⊥ can be identified within G — and
in particular has the internal interface 𝑛′ of G minus 𝑖′\𝑖. The maps 𝑓2 and 𝑔2 are defined similarly.

Intuitively, the above definition means that when the occurrence of L within G is top-level then
L’s external interfaces become the part of L⊥’s external interfaces and when the occurrence is nested,
those interfaces become the part of L⊥’s strict internal interfaces. In both cases when removing the
occurrence of L from G, L’s strict internal interfaces are removed from strict internal interfaces of G to
form internal interfaces of the corresponding MDA cospans above.

The conditions (3) and (4) require that top-level connected components in L do not end up inside edges
of different types within G and L⊥ under 𝑚 and [𝑐1,𝑐2]. Conditions (2) and (7) are the original boundary
complement conditions (forgetting the extra interfaces) introduced by Bonchi et al. [7]. Intuitively these
conditions ensure that inputs (respectively, outputs) of R are glued to the outputs (respectively, inputs)
of L⊥. Convexity and down-closed-ness conditions ensures that the subgraph corresponds to a proper
subterm modulo SMC.
Proposition 5.3. The boundary complement of Definition 5.2 when it exists is unique.

We are now ready to define convex extended DPOI (EDPOI) rewriting for CEHyp(Σ). It is analogous
to Definition B.7, except we must construct internal interfaces explicitly. More precisely, when removing
the occurrence of L from G, i.e., by computing the pushout complement, the internal interfaces of the
resulting closed e-hypergraph should be modified to exclude the vertices corresponding to L’s strictly
internal interfaces (since the vertices they map to have been removed). Then, when gluing R into the
hole, the internal interfaces of the resulting closed e-hypergraph should be modified to include the strictly
internal interfaces of R (since new internal interfaces for them to map to have been added).
Definition 5.4 (Convex EDPOI rewriting). Given an extended span of morphisms G←− 𝑛′⊔ 𝑘′←−
𝑛 ⊔ 𝑘 −→ 𝑛′′ ⊔ 𝑘′′ −→ H in CEHyp(Σ), we say G rewrites (convexly) to H (with external interface
𝑛⊔ 𝑘 and taking internal interface 𝑛′⊔ 𝑘′ to 𝑛′′⊔ 𝑘′′) — denoted by G⇛H — via a rewrite rule
L←−𝑖′⊔ 𝑗′←−𝑖⊔ 𝑗−→𝑖′′⊔ 𝑗′′−→R if there exists an object C and morphisms which complete the following
commutative diagram

i ⊔ jL i′ ⊔ j′

G C

R

H

i′′ ⊔ j′′

n′ ⊔ k′

n ⊔ k

n′′ ⊔ k′′

m

[f1, f2]

such that the following conditions hold:

1. 𝑖⊔ 𝑗→C→G is a boundary complement;
2. the internal interfaces of H are such that: 𝑛′′=𝑛′\(𝑖′\𝑖)⊔(𝑖′′\𝑖) and 𝑘′′=𝑘′\( 𝑗′\ 𝑗)⊔( 𝑗′′\ 𝑗)
3. the map 𝑓1= [𝑔1,ℎ1] : 𝑛′′→H in the diagram above consists of 𝑔1 as defined in Definition 5.2 of

boundary complement, and ℎ1 which is the restriction of the composite 𝑖′′→R→H to 𝑖′′\𝑖, and
similarly for the map 𝑓2 : 𝑘

′′→H .

Given a set ℜ of EDPOI rewrite rules and closed e-hypergraphs with extended interfaces G and H , we
write G⇛ℜH if there exists a EDPOI rewrite in ℜ such that via it G rewrites to H , and we write
G⇛∗

ℜ
H for its reflexive, transitive and symmetric closure.

An example of EDPOI rewrite can be seen in Appendix E. The enhanced definition of extended DPOI
ensures that the combinatorial representation of morphisms in closed symmetric monoidal SLat-categories
is sound and complete for rewriting of closed Σ+-terms.

6Noting the image of 𝑔𝑒𝑥𝑡 indeed lies within 𝑛′\(𝑖′\𝑖)



6 Soundness and completeness

In this section we explore soundness and completeness of EDPOI rewriting with respect to closed
Σ+-terms. First we recall the rewriting of Σ-terms modulo the laws of symmetric monoidal categories.
Definition 6.1 (Closed Σ-term rewrite rule). A Σ-term rewrite rules is a pair ⟨𝑙,𝑟⟩ where 𝑙 and 𝑟 are Σ
terms with matching inputs and outputs (as lists of input and output types). When 𝑙 and 𝑟 are closed
Σ-terms, we call such a rewrite rule closed.

In practice such rewrite rules are generated by the equations of the corresponding theory.
Definition 6.2. For Σ-terms, 𝑓 rewrites to 𝑔 modulo the laws of symmetric monoidal categories via a
rewrite rule ⟨𝑙,𝑟⟩, writing ⇝⟨𝑙,𝑟 ⟩, if they are representable as 𝑓 =𝑐1#(𝑖𝑑𝑘⊗𝑙)#𝑐2 and 𝑔=𝑐1#(𝑖𝑑𝑘⊗𝑟)#𝑐2.
This notion generalises to rewriting of closed Σ-terms.

Definition 6.3. For closed-Σ-terms 𝑓 ,𝑔, and a closed rewrite rule ⟨𝑙,𝑟⟩, 𝑓⇝⟨𝑙,𝑟 ⟩ 𝑔 modulo the laws of
symmetric monoidal categories if they are representable as either in Definition 6.2, or as 𝑓 =𝑐1#(𝑖𝑑𝑘⊗𝑑)#𝑐2
and 𝑔=𝑐1#(𝑖𝑑𝑘⊗𝑒)#𝑐2 and 𝑑=Λ( 𝑓 ′), 𝑒=Λ(𝑔′) and 𝑓 ′⇝⟨𝑙,𝑟 ⟩ 𝑔′.
Lemma 6.4. Every closed Σ+-term 𝑓 can be represented as 𝑓1+...+ 𝑓𝑛 modulo the laws of symmetric
monoidal SLat-categories and distributivity law (Equation 1) where none of 𝑓𝑖 contain the join operator.

This leads to the following, for rewriting for closed Σ+-terms.
Definition 6.5. For closed Σ+-term 𝑓 ,𝑔, and a closed Σ-term rewrite rule ⟨𝑙,𝑟⟩ 𝑓⇝⟨𝑙,𝑟 ⟩ 𝑔 modulo the
laws of symmetric monoidal SLat-categories and distributivity law (Equation 1) if they are representable
as 𝑓 = 𝑓1+...+ 𝑓𝑖+...+ 𝑓𝑛 and 𝑔= 𝑓1+...+ 𝑓 𝑗+...+ 𝑓𝑛 such that there is a permutation 𝜎 such that there
exist indices 𝑖, 𝑗 and 𝑓𝜎 (𝑖)⇝ 𝑓 𝑗.

Next, to formulate the correspondence between rewriting systems we first define interpretation J−K
of closed Σ+ terms in MCEHypI(Σ). It follows by first defining the interpretation of generators by
extending the interpretation of plain Σ-terms as morphisms in MHypI(Σ) with the interpretation of
Jev𝐴,𝐵K and JΛ𝐴,𝐵,𝐶K by following the work of Alvarez-Picallo et al. [5] (Appendix D).

Then we can make MCEHypI(Σ) into SLat-category by defining a join of two cospans and introducing
EDPOI rewrite rules to satisfy the laws of symmetric monoidal SLat-categories — one EDPOI rewrite
rule for each axiom instance — as was done by Tiurin et al. [33]. Under this interpretation, the cospan
from Figure 6a corresponds to the following closed Σ+-term (𝑔# 𝑓 )+(((Λ((𝑖𝑑⊗𝑖𝑑 #sym)⊗ 𝑓 ))⊗𝑔) #ev).
Finally, we add a structural rewrite schema rule corresponding to the distributivity law (Equation 1).
We collect all such rewrite schemas into a set S and then determine a symmetric monoidal SLat-

category MCEHypI(Σ)/S by this quotienting. Note that it is not a closed symmetric monoidal
SLat-category. To make it so, we would need to also quotient by the DPO rewrites that arise from the
equations in Definition 2.6. We do not perform such quotienting as these equations bear operational
meaning, i.e. they model 𝛽-reduction when interpreting 𝜆-calculus.
Definition 6.6 (Quotient by rewrites). Given a set of EDPOI rewrite rules E, we denote by
MCEHypI(Σ)/E the SLat-category MCEHypI(Σ) quotiented by the relation 𝑓 ∼𝑔 if 𝑓⇛∗E 𝑔.

This explicit quotienting allows us to only consider cospans of the form 𝑓1+...+ 𝑓𝑛, similar to Lemma 6.4,
such that carrier of 𝑓𝑖 does not contain any hierarchical edges from 𝐸.
Proposition 6.7 (Proposition 26 and Proposition 27 [5]). For two closed Σ-terms 𝑓 and 𝑔 and a closed
rewrite rule ⟨𝑙,𝑟⟩, 𝑓⇝⟨𝑙,𝑟 ⟩ 𝑔 if and only if J 𝑓 K⇛⟨J𝑙K,J𝑟K⟩ J𝑔K, where the latter is defined in a sub-category

of MCEHypI(Σ) where carriers only contain edges from E ∪𝐸.
Proposition 6.8. For two closed Σ+-terms 𝑓 and 𝑔 and a closed rewrite rule ⟨𝑙,𝑟⟩, 𝑓⇝⟨𝑙,𝑟 ⟩ 𝑔 if and
only if J 𝑓 K⇛⟨J𝑙K,J𝑟K⟩ J𝑔K in MCEHypI(Σ)/S.
Proof. By definition, we have 𝑓 = 𝑓1+ ...+ 𝑓𝑛 and 𝑔= 𝑓1+ ...+ 𝑓𝑛, such that 𝑓𝑖⇝ 𝑓 𝑗 for some 𝑖, 𝑗. This
yields two cospans of the form J 𝑓1K+...+J 𝑓𝑛K for J 𝑓 K and J𝑔K; because every 𝑓𝑖 is a Σ-term, and carriers
in every J 𝑓𝑖K have no edges from 𝐸, we can apply Proposition 6.7.



Practically, this quotienting means that we perform DPO rewrites modulo the equations of SLat-SMC
and modulo the distributivity law (Equation 1). We can either rewrite the normal forms as mentioned
above that contain all possible redexes, or we can genuinely search for redexes modulo these laws by
traversing the e-hypergraph through both types of boxes when searching for a redex, which makes this
representation practically viable even though it does not absorb all the possible equations.

The proposition above allows us to reason about theories of closed Σ+-terms CS(Σ,E)+. Given a set of
equations E of closed Σ-terms, we construct JEK={⟨J𝑙K,J𝑟K⟩,⟨J𝑟K,J𝑙K⟩ | 𝑙=𝑟 ∈ E} and then we can perform
DPO rewriting in MCEHypI(Σ)/S which formalises, e.g., the example in Figure 4b.

7 Application — 𝜆≈
lsub

-calculus

In this section, we show the utility of our theory by demonstrating how it can accommodate the linear
substitution calculus 𝜆lsub of Accattoli et al. [4, § 2]. We summarise the linear substitution calculus as
the 𝜆-calculus with an additional term former representing explicit substitution; i.e. terms are generated
by the grammar

𝑡 :=𝑥 | 𝑡𝑡 |𝜆𝑥.𝑡 | 𝑡[𝑥/𝑡],
where 𝑥 is a variable drawn from some countably infinite set, 𝑡𝑢 is an application, and 𝜆𝑥.𝑡 is an
abstraction, as in standard 𝜆-calculus. The term 𝑡[𝑥/𝑢] is an explicit substitution of the variable 𝑥 for
the term 𝑢 in the term 𝑡.

The notions of context 𝐶[−], bound and free variable are as usual, with the addition that fv(𝑡[𝑥/𝑢])≔
fv(𝑡)\{𝑥}∪fv(𝑢). Write 𝐶J𝑡K for the term given by substitution of the hole in the context 𝐶[−] for the
term 𝑡, under the additional restriction that the free variables of 𝑡 are not captured (via abstraction or
explicit substitution) by 𝐶. In addition to the 𝛽- and 𝜂-reduction rules of standard 𝜆-calculus, there are
reduction rules to account for this explicit substitution which “perform” the substitution or commute it
with 𝛽-reduction:

(𝜆𝑥.𝑡)𝐿𝑢 →𝑑𝛽 𝑡[𝑥/𝑢]𝐿,
𝐶J𝑥K[𝑥/𝑢] →𝑙𝑠 𝐶J𝑢K[𝑥/𝑢],

𝑡[𝑥/𝑢] →𝑔𝑐 𝑡, 𝑥∉fv(𝑡),
where 𝐿 is a finite list of substitutions of the form [𝑥/𝑢][𝑦/𝑣]....

In programming terms, this explicit substitution can be used to model let-bindings and sharing. For
instance, the ML-style term let𝑥=1inplus(𝑥,𝑥) is formally represented as the term plus(𝑥,𝑥)[𝑥/1] in
this calculus7. In this case, the variable 𝑥 is valued in the constant 1, but one could imagine instead that
𝑥 is to be substituted for the result of some expensive computation which we do not desire to repeat
twice unnecessarily — in this sense, the sharing of both operands of the operation plus is captured by
the explicit substitution.

Graphical equivalence ∼ of 𝜆lsub-terms is augmentation of 𝛼-equivalence of terms with the additional
stipulations that

𝑡[𝑥/𝑢][𝑦/𝑣] ∼ 𝑡[𝑦/𝑣][𝑥/𝑢], 𝑥∉fv(𝑣)∧𝑦∉fv(𝑢),
(𝜆𝑦.𝑡)[𝑥/𝑢] ∼ 𝜆𝑦.(𝑡[𝑥/𝑢]), 𝑦∉fv(𝑢), (∗)
(𝑡𝑣)[𝑥/𝑢] ∼ 𝑡[𝑥/𝑢]𝑣, 𝑥∉fv(𝑣),

closed under contexts, transitivity, symmetry, and reflexivity. Put simply, it is the stipulation that
let-bindings may be freely reordered without changing the meaning of the term8. The 𝜆∼

lsub
-calculus is

7Technically speaking, in this case we mean the extension of this calculus with flat natural numbers equipped with a
binary operation plus.

8Recall that our setting is pure, in the sense that no sequencing of effects is meaningful.



given by these graphical equivalence classes of terms with the reduction relation defined by that of the
𝜆lsub-calculus modulo graphical equivalence.

This calculus is explicitly designed to capture the representation of terms as proof nets: for two terms
𝑡,𝑢 in the 𝜆lsub-calculus, 𝑡∼𝑢 if and only if both map to the same proof net [3].
Proposition 7.1. [18, § 5.1.1] Let string diagram equivalence ≈ of 𝜆lsub-terms be the extension of
graph equivalence ∼ by taking the symmetric closure by→𝑙𝑠 and→𝑔𝑐, thus identifying terms under
elimination of explicit substitution. It defines the corresponding 𝜆≈

lsub
-calculus. We then have that 𝑡≈𝑢

if and only if both map to the same string diagram.

This allows us to exploit the string diagram setting of e-hypergraphs to absorb many9 of the reductions
arising due to the equivalence ≈ into our representation rather than explicitly providing them as equations
attached to a closed symmetric monoidal theory presenting the 𝜆≈

lsub
-calculus.

We will define a monoidal signature whose closed symmetric monoidal theory is the 𝜆≈
lsub

-calculus
extended by tupling of terms and flat natural numbers equipped with basic arithmetic operations. Let
Σ≔ ({N},{ , }∪N∪{plus,mult},𝑡) where

𝑡 : { , }∪N∪{plus,mult}→{N}∗×{N}∗

𝑡(𝑛)= ((),(N)), 𝑛∈N,
𝑡(𝑜)= ((N,N),(N)), 𝑜∈{ ,plus,mult},
𝑡( )= ((N),()).

The operations that the signature Σ avails are copy and delete, denoted by and respectively, constants
for each natural number, and the binary arithmetic operations + and ×. We interpret the Σ-terms J𝜏K
as follows: operations as themselves, id𝐼 and idN as the identity function 𝜆𝑥.𝑥 on the empty tuple () and
N respectively, symN,N as the swap function 𝜆(𝑥,𝑦).(𝑦,𝑥), composition 𝜏1#𝜏2 as the composition function
𝜆𝑥.J𝜏2K

(J𝜏1K𝑥), and 𝜏1⊗𝜏2 as tupling
(J𝜏1K,J𝜏2K).

Note that, in contrast to conventional presentations of the 𝜆-calculus as a language of (slotted [29,
Example 1]) e-graphs [34, Figure 10], here there is no encoding of the term formers for application,
abstraction, and explicit substitution. Instead, these constructs are handled ambiently by our semantic
setting: any closed symmetric monoidal category (and in particular, CS(Σ,E) for any set of equations E)
admits an internal language in the multiplicative fragment of intuitionistic linear logic (a particular
type of linear 𝜆-calculus) [2, § 1.7.3]. In other words, with respect to Figure 5, this allows us to natively
represent abstraction by the rounded boxes of (Λ( 𝑓 )), and application by the ev operation with 𝛽-
and 𝜂-conversion arising via equality of morphisms in the category (that is, without having to provide
them as data in the form of equations in E). For explicit substitution, we note that the linearity is not
desirable; this is why the copy-delete comonoid ( , ) is present: by Fox’s theorem [17], a Cartesian
category is precisely a monoidal one admitting such a natural copy-delete structure. Thus, we must
endow E with equations stating that ( , ) forms a comonoid, and moreover that it is natural: behaves
uniformly as a copy map, and behaves as deletion.
Figure 7a shows some programs which are semantically equivalent but syntactically distinct. As

alluded to in Subsection 1.4, the traditional (slotted) e-graph approach to modelling the equivalence
of these terms (Figure 7b) relies on explicitly encoding substitution operations as e-graph nodes, and
their behaviour (the string diagram equivalence relation ≈) as rewrite rules, as in Figure 4a — not
only is this more complicated, but it also leads to a blow-up in the state space required to perform
equality saturation in any extension of the 𝜆≈

lsub
-calculus, because we are really rewriting 𝜆lsub-terms and

9The reason this is not all reductions is because e-hypergraphs quotient away only the structural isomorphisms of
symmetric monoidal closed SLat-categories (e.g. associators, unitors, etc.) which generate the “isotopy of string diagrams”;
even in the graphical equivalence relation ∼, while Equation ∗ is validated in every symmetric monoidal closed SLat-category,
it is not so by isotopy, but rather the adjunction −⊗𝐴⊣𝐴⊸−. In other words, terms floating freely through the boundaries
of rounded boxes is validated by our semantics, but produces concretely different e-hypergraphs — this is the purpose of
rectification by quotienting along S in Proposition 6.8, and manifests as additional DPO rewrites to be imposed.



let x = 1 in
let y = 2 in
plus (x , y )

let y = 2 in
let x = 1 in
plus (x , y )

p lus (1 , 2)

(a) Three programs for 1+2

plus(𝑥,𝑦)[𝑦/2][𝑥/1]
≈
plus(𝑥,𝑦)[𝑥/1][𝑦/2]
≈
plus(1,2)

(b) As terms in 𝜆lsub

1 2

+

(c) String-diagrammatic represen-
tation

Figure 7: ≈-equivalent terms

computational resources are spent rewriting between equivalent terms (an empirical analysis is provided
in Appendix F). In contrast, in our framework, 𝜆≈

lsub
-terms are directly modelled as string diagrams

(Figure 7c10). We do however note that the slotted approach is more flexible, in the sense that it may
model more theories with binders (e.g. 𝜋-calculus), whereas our approach is essentially specialised to
𝜆-calculus, relying heavily on the metatheoretic internal language of the ambient setting.

As a second example, we may wish to incorporate the optimisation plus(𝑥,𝑥)⇝mult(𝑥,2) in our toy
theory. This corresponds to endowing E with the equation of string diagrams:

+
=

2

×
.

Now, in our semantic model, this rewrite can be non-destructively applied to model one step of e-graph
saturation:

+ ≡ + + → +
×

2

.

Here, ≡ is a definitional equality arising from the idempotence in the Hom semilattice, and → is an
application of DPO rewriting using the previous equation along the right branch. In isolation, this isn’t
particularly interesting, but the important observation is that this rewriting all happens locally in the
context of a bigger diagram.

From a practical perspective, the encoding of string diagrams as (e-)hypergraphs provides a normal
form for string diagram equivalence classes of terms. As a data structure, this provides an efficient
representation upon which to build an implementation of this theory as a fully fledged “e-graphs for
string diagram rewriting”, using DPO rewriting as a primitive to implement the standard e-graph
operations. We leave this as future work, noting its applications to not only 𝜆≈

lsub
-calculus, but also other

monoidal theories where there are two levels of rewriting:
1. “bureaucratic” reassociation and reparenthesisation, absorbed into isotopy of string diagrams (here, a

fragment of string diagram equivalence of 𝜆lsub-terms);
2. algebraic identities arising from the semantics of the theory (e.g. plus(𝑥,𝑥)⇝mult(𝑥,2) for arithmetic).
One such theory is the ZX calculus [11].
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A SLat

In this section we will define the category of semilattices that we use as a base for enrichment throughout
the paper.
Definition A.1 (Semilattice). A semilattice (𝑆,+) is a set 𝑆 equipped with a binary operation + :𝑆×𝑆→𝑆

satisfying the following properties:
𝑎+(𝑏+𝑐)≡ (𝑎+𝑏)+𝑐 (associativity)

𝑎+𝑏≡𝑏+𝑎 (commutativity)

𝑎+𝑎≡𝑎 (idempotence)

Note that we do not require the existence of a unit for +, adopting this requirement would mean that
every hom-object must be non-empty. Semilattices that satisfy this extra requirement are sometimes
called bounded, i.e., they are idempotent commutative monoids.
Definition A.2 (Semilattice homomorphism). A homomorphism between two semilattices 𝑆1 and 𝑆2 is
a map 𝜙 :𝑆1→𝑆2 such that 𝜙(𝑠+𝑆1 𝑠′)=𝜙(𝑠)+𝑆2𝜙(𝑠′) for all 𝑠,𝑠′∈𝑆1.
Definition A.3 (Category of semilattices). Semilattices with their respective homomorphisms form a
category that we denote SLat.

Definition A.4. We define a tensor product of semilattices 𝑆1 and 𝑆2 as follows. 𝑆1⊗𝑆2 is the free
semilattice on the set 𝑆1×𝑆2 — finite non-empty formal joins of pairs (𝑠1,𝑠2) with 𝑠1 ∈ 𝑆1, 𝑠2 ∈ 𝑆2 —
quotiented by the following bilinearity relations
• (𝑠1+𝑆1 𝑠′1,𝑠2)≡ (𝑠1,𝑠2)+𝑆1⊗𝑆2 (𝑠′1,𝑠2)
• (𝑠1,𝑠2+𝑆2 𝑠′2)≡ (𝑠1,𝑠2)+𝑆1⊗𝑆2 (𝑠1,𝑠′2)
Writing 𝜂𝑆1,𝑆2 : 𝑆1×𝑆2→ 𝑆1⊗𝑆2, (𝑠1,𝑠2) ↦→ [(𝑠1,𝑠2)], for the inclusion of pairs, the tensor product is
characterised by the universal property that every bimorphism out of 𝑆1×𝑆2—a function 𝑏 :𝑆1×𝑆2→𝑇

that is a homomorphism in each variable separately—factors as 𝑏=𝑏◦𝜂𝑆1,𝑆2 for a unique homomorphism
𝑏 : 𝑆1⊗𝑆2→𝑇. On morphisms, given 𝑓 : 𝑆1→𝑇1 and 𝑔 : 𝑆2→𝑇2, the composite 𝜂𝑇1,𝑇2 ◦ ( 𝑓 ×𝑔) is a
bimorphism, and we define 𝑓 ⊗𝑔 :𝑆1⊗𝑆2→𝑇1⊗𝑇2 to be the unique homomorphism with

( 𝑓 ⊗𝑔)◦𝜂𝑆1,𝑆2=𝜂𝑇1,𝑇2◦( 𝑓 ×𝑔).
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The unit for this tensor product is 𝐼={∗} — a one-element semilattice.

Remark A.5. The action of ⊗ on morphisms is functorial: id⊗id= id and

( 𝑓 ⊗𝑔)◦(ℎ⊗𝑘)= ( 𝑓 ◦ℎ)⊗(𝑔◦𝑘).
Both equations follow from the uniqueness in the universal property, since each side restricts along 𝜂 to
the same bimorphism; for the second,

( 𝑓 ⊗𝑔)◦(ℎ⊗𝑘)◦𝜂= ( 𝑓 ⊗𝑔)◦𝜂◦(ℎ×𝑘)
=𝜂◦( 𝑓 ×𝑔)◦(ℎ×𝑘)
=𝜂◦

(
( 𝑓 ◦ℎ)×(𝑔◦𝑘)

)
,

which is exactly the bimorphism defining ( 𝑓 ◦ℎ)⊗(𝑔◦𝑘). By the same reasoning the unitors 𝑆⊗ 𝐼 �𝑆
(given by (𝑠,∗) ↦→ 𝑠), the associators and the symmetry are the unique homomorphisms induced by
the evident bimorphisms, and the coherence axioms hold because the corresponding diagrams already
commute at the level of bimorphisms, where they reduce to coherence for the cartesian product in Set.
This equips SLat with a symmetric monoidal structure.

Remark A.6. The above definition of a tensor product should not be confused with a tensor given by
×, which is constructed in the same vein as the tensor product above with the additional quotienting

(𝑠1,𝑠2)+𝑆1×𝑆2 (𝑠′1,𝑠′2)≡ (𝑠1+𝑆1 𝑠′1,𝑠2+𝑆2 𝑠′2) .
The reason for using the former construction is that it has better theoretical properties, in particular,
the free semilattice functor is strong monoidal (corollary A.12).

Definition A.7. For semilattices 𝑆1 and 𝑆2, the internal hom [𝑆1, 𝑆2] is the set SLat(𝑆1, 𝑆2) of
homomorphisms 𝑆1→𝑆2, made into a semilattice by the pointwise join

( 𝑓 +𝑔)(𝑥) △= 𝑓 (𝑥)+𝑔(𝑥).
This is well-defined, as 𝑓 +𝑔 is again a homomorphism:

( 𝑓 +𝑔)(𝑥+𝑦)= 𝑓 (𝑥+𝑦)+𝑔(𝑥+𝑦)
= 𝑓 (𝑥)+ 𝑓 (𝑦)+𝑔(𝑥)+𝑔(𝑦)
= 𝑓 (𝑥)+𝑔(𝑥)+ 𝑓 (𝑦)+𝑔(𝑦)
= ( 𝑓 +𝑔)(𝑥)+( 𝑓 +𝑔)(𝑦).

Proposition A.8. SLat is a closed symmetric monoidal category.

Proof. The symmetric monoidal structure is given by the tensor product of definition A.4, with
functoriality and coherence established in remark A.5. For closedness, take the internal hom [𝑆2,𝑇] of
definition A.7; the universal property of the tensor gives bijections, natural in 𝑆1 and 𝑇,

SLat(𝑆1⊗𝑆2,𝑇) � {bimorphisms 𝑆1×𝑆2→𝑇} � SLat(𝑆1,[𝑆2,𝑇]),
where the first is the universal property of ⊗ and the second is currying: a bimorphism 𝑏 :𝑆1×𝑆2→𝑇

corresponds to the homomorphism 𝑠1 ↦→𝑏(𝑠1,−) into [𝑆2,𝑇]. Hence −⊗𝑆2⊣ [𝑆2,−], so SLat is closed.
Remark A.9. The above is a special case of the result by Keigher [21] that says that a category of
Eilenberg-Moore algebras induced by a commutative monad on Set is canonically symmetric monoidal
closed.

Definition A.10. The forgetful functor 𝑈 :SLat→Set is given by SLat(𝐼SLat,−) :SLat→Set.

Intuitively, the above functor returns the underlying set of a given semilattice 𝑆 as each morphism
from {∗}→𝑆 picks out an element of 𝑆.
Proposition A.11 (Special case of Proposition 6.4.6 [8]). The forgetful functor 𝑈 :SLat→Set has a
left adjoint free functor 𝐹 :Set→SLat.

Proof. The functor 𝐹 is defined by letting 𝐹(𝐴)=∐𝐴𝐼SLat, the coproduct of 𝐴-many copies of the unit
semilattice. The coproduct 𝑆1

∐
𝑆2 of two semilattices has as elements the formal joins 𝑠1+𝑠2+...+𝑠𝑛



with each 𝑠𝑖 drawn from 𝑆1 or 𝑆2, quotiented by the semilattice axioms together with the relations of 𝑆1
and 𝑆2. The adjunction is then given by the following natural isomorphisms

SLat(
∐
𝐴

(𝐼SLat),𝐵)�
∏
𝐴

(SLat(𝐼SLat,𝐵))

�Set(𝐴,SLat(𝐼SLat,𝐵))
�Set(𝐴,𝑈(𝐵))

The first isomorphism holds because the contravariant hom-functor sends colimits in its first argument
to limits, so the coproduct becomes a product. The second is the isomorphism

∏
𝐴𝑋 �Set(𝐴,𝑋). By the

Yoneda lemma it suffices to give a bijection natural in 𝑌:

Set
(
𝑌,
∏

𝐴𝑋
)
�
∏

𝐴Set(𝑌,𝑋)�Set
(∐

𝐴𝑌,𝑋
)
�Set(𝑌×𝐴,𝑋)�Set

(
𝑌,Set(𝐴,𝑋)

)
,

using, in order, the universal property of the product, that of the coproduct (with
∐

𝐴𝑌 �𝑌×𝐴), and
currying. The last bijection is the definition of 𝑈. As all three bijections are natural in 𝐵, their composite
exhibits 𝐹 ⊣𝑈.

Corollary A.12. The free functor 𝐹 :Set→SLat is strong monoidal as a functor (Set,×)→(SLat,⊗).
Proof. We have 𝐹(𝐼Set)� 𝐼SLat, and

𝐹(𝐴)⊗𝐹(𝐵)� (
∐
𝐴

𝐼SLat)⊗(
∐
𝐵

𝐼SLat)

�
∐
𝐴

(𝐼SLat⊗
∐
𝐵

𝐼SLat)

�
∐
𝐴

(
∐
𝐵

(𝐼SLat⊗ 𝐼SLat))

�
∐
𝐴

(
∐
𝐵

𝐼SLat)

�
∐
𝐴×𝐵

𝐼SLat

�𝐹(𝐴×𝐵),
naturally in 𝐴 and 𝐵, where we used that −⊗𝑋 and 𝑋⊗− preserve colimits, being left adjoints by the
symmetry and monoidal closedness of SLat (proposition A.8).

While a monoidal base suffices to define enriched categories, we assume that the base is symmetric
monoidal closed, so that the standard category-theoretic machinery (such as the tensoring of enriched
categories) is available in the enriched setting.

B String diagram rewrite theory

B.1 Hypergraphs

Proposition B.1 ([6]). Hyp(Σ) is equivalently the slice category Hyp↓𝐺Σ, where Hyp is the category
of (unlabelled) hypergraphs — equivalently, the category of finite presheaves over the index category I
whose objects are the pairs (𝑘,𝑙) ∈N×N together with a distinguished object ★, with 𝑘+𝑙 morphisms
{𝑖 : ★→(𝑘,𝑙) |0≤𝑖<𝑘+𝑙} — and 𝐺Σ is the hypergraph with a single vertex 𝑣 and, for each generator
𝑔 :𝑛→𝑚 of Σ, one hyperedge 𝑒𝑔 in which 𝑣 occurs 𝑛 times in 𝑠(𝑒𝑔) and 𝑚 times in 𝑡(𝑒𝑔).

Intuitively, I presents a hypergraph by its vertices (the object ★) and its hyperedges sorted by arity (an
object (𝑘,𝑙) is the sort of hyperedges with 𝑘 sources and 𝑙 targets), the 𝑘+𝑙 maps picking out each source
and target vertex. The hyperedges of 𝐺Σ are then the available labels, and a morphism 𝐻→𝐺Σ in Hyp
labels each hyperedge of 𝐻 by the generator it is sent to, automatically matching arities. As a presheaf



category, Hyp has all finite colimits — the initial object is the empty hypergraph and coproducts are
disjoint unions — and these are created by the forgetful functor out of the slice, so Hyp(Σ) inherits
them.

The single vertex of 𝐺Σ reflects that Σ here carries a single object type. For a many-sorted signature
with a set of types (colours) 𝐶, one works instead with the category Hyp𝐶 of 𝐶-coloured hypergraphs —
finite presheaves over the analogous index category I𝐶 in which the single vertex object ★ is replaced by
one object ★𝑐 per colour 𝑐∈𝐶, and the arity objects record the colour of each source and target — and
takes 𝐺Σ to have one vertex per colour, attaching each generator’s sources and targets to the vertices of
the corresponding colours. The resulting slice Hyp𝐶 ↓𝐺Σ=:Hyp𝐶,Σ then enforces the typing discipline
of Definition 3.1 for free, since a labelling morphism must respect sources and targets and hence colours.
Proposition B.2. HypI(Σ) is a symmetric monoidal category.

Proof. Composition of two cospans 𝑛
𝑓
−→F

𝑔
←−𝑚#𝑚 𝑓 ′

−−→G
𝑔′

←−−𝑘 is given by the pushout 𝑛
𝑓
−→F⊔𝑔, 𝑓 ′G

𝑔′

←−−𝑘,
computed by identifying vertices in F⊔G that share pre-image in 𝑚. The latter is a pushout in Hyp(Σ)
and always exists since Hyp(Σ) has all finite colimits.

1. the tensor product given by coproduct in Hyp(Σ):

𝑛
𝑓
−→F

𝑔
←−𝑚

⊗ F𝑛⊔𝑛′
𝑓⊔ 𝑓 ′
−−−−→F⊔G

𝑔⊔𝑔′
←−−−−𝑚⊔𝑚′;

𝑛′
𝑓 ′
−−→G

𝑔′
←−−𝑚′

2. the monoidal unit is given by the initial object of Hyp(Σ);
3. symmetry is inherited from coproduct in Hyp(Σ) [16].

Definition B.3 (Category of MDA Hypergraphs with Interfaces [7]). We call a cospan 𝑛
𝑓
−→G

𝑔
←−𝑚 in

HypI(Σ) monogamous if:

1. G is directed acyclic;
2. 𝑓 and 𝑔 are monomorphisms;
3. the in-degree and out-degree of every vertex is at most 1;
4. vertices with in-degree 0 are precisely the image of 𝑓 ;
5. vertices with out-degree 0 are precisely the image of 𝑔.

We denote by MHypI(Σ) the subcategory of HypI(Σ) of monogamous directed acyclic (MDA) cospans.

Figure 8b gives an example of an MDA cospan, which is such because it “looks like” the string diagram
. Analogously, we can see that Figure 8a (equipped with the interfaces choosing {𝑣1} and {𝑣4,𝑣5,𝑣6,𝑣7})

fails to form an MDA cospan — it is not monogamous for many reasons: 𝑣1 has out-degree 0, 𝑣1,𝑣5,𝑣7
have in-degree 2, and 𝑣3 has in-degree 0; additionally, it fails be be directed acyclic due to the path
along 𝑒4 from 𝑣7 to itself11.

11Recall that loops are not part of the syntax of string diagrams for symmetric monoidal categories in the absence of a
trace — a relaxation of monogamy to allow for this is explored by Ghica et al. [19].
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Figure 8: Example hypergraphs

B.2 DPOI-Rewriting for Hypergraphs with Interfaces

Definition B.4 (Boundary complement). For MDA cospans 𝑖
𝑎1−−→ L 𝑎2←−− 𝑗 and 𝑛

𝑏1−−→ G 𝑏2←−− 𝑚 and
monomorphism 𝑓 : L→G, a pushout complement 𝑖⊔ 𝑗→L⊥→G as depicted in the square below

L i ⊔ j

G L⊥

f

n ⊔m

[a1, a2]

[b1, b2]
[d1, d2]

[c1, c2]

is called a boundary complement if [𝑐1,𝑐2] is a monomorphism and there exist 𝑑1 : 𝑛→ L⊥ and

𝑑2 : 𝑚→L⊥ making the above triangle commute and such that 𝑛⊔ 𝑗
[𝑑1,𝑐2]−−−−−−→L⊥

[𝑑2,𝑐1]←−−−−−−𝑚⊔𝑖 is an MDA
cospan.

Intuitively, requiring boundary complements ensures that inputs are glued exclusively to outputs and
vice-versa in the two pushout squares.
Example B.5 (Example 29 [7]). Consider the following signature Σ={𝛼1 :0→1,𝛼2 :1→0,𝛼3 :1→1}
and the rewrite rule 𝑖𝑑→𝛼3 for the example term 𝛼1#𝛼2. Without the boundary complement condition,
we get, for example, the following two possible DPOI squares.

v1, w1

α1

α2

v1, w1

w1

v1

v1

w1

α3

α2

α1

w1

v1

α2

α1

w1

v1

α3

v1, w1

α1

α2

v1, w1

w1

v1

v1

w1

α3

α2

α1

v1

w1

α2

α1

v1

w1

α3



The second DPOI square does not satisfy the boundary complement condition as the input interface is
mapped to the input vertex (and similarly for the output interface) and therefore, once pushout square
is complete, the resuling cospan does not represent a valid SMC morphism as it requires wires to be able
to go backwards, i.e. it requires compact closed structure. If we were to consider non-monic maps into
L⊥ we would have more DPOI squares non of which would result in a valid morphism (due to in- or
out- degrees of vertices being greater than 1).

Definition B.6 (Convex match). A subgraph H of a hypergraph G is a convex subgraph if for all
𝑣𝑖,𝑣 𝑗 ∈𝑉H every path from 𝑣𝑖 to 𝑣 𝑗 is also in H . A match 𝑓 : L→G is a convex match if it is a
monomorphism and its image is a convex subgraph of G.
Definition B.7 (Convex DPOI rewriting). Let ℜ be a set of DPOI rewrite rules. Then, given
G←−𝑛⊔𝑚 and H←−𝑛⊔𝑚 in Hyp(Σ), G rewrites convexly into H with interface 𝑛⊔𝑚, and we write
(G←−𝑛⊔𝑚)⇛ℜ (H←−𝑛⊔𝑚), if
1. there exists a rule L←−𝑖⊔ 𝑗−→R in ℜ and object L⊥ and cospan arrows 𝑖⊔ 𝑗−→L⊥←−𝑛⊔𝑚 such that

the DPOI diagram of Definition 3.4 commutes and its marked squares are pushouts;
2. 𝑓 : 𝐿→G is a convex match;
3. 𝑖⊔ 𝑗→L⊥→G is a boundary complement in the leftmost pushout.

Example B.8 (Example 32 [7]). Consider the following signature Σ{𝑒1 :1→2,𝑒2 :2→1,𝑒3 :1→1,𝑒4 :
1→1} and the following rewrite rule

𝑖𝑑⊗𝑒1#sym⊗𝑖𝑑#𝑖𝑑⊗𝑒2 → sym#𝑒4⊗𝑒4
represented as the following span of hypergraphs

v2

e1

e2

v1

w2w1

w2

w1

v2

v1 v1 v2

e4e4

w1 w2

.

Now consider the cospan of hypergraphs corresponding to the following Σ-term 𝑒1#𝑒3⊗𝑖𝑑#𝑒2.

v1

e1

e3

e2

w1

v1

w1

.

Applying the rule to the cospan above results in the DPOI square from Figure 9. While the DPOI square
is valid and the pushout complement satisfies the boundary complement condition, the match (highlighted
in red) is not convex as there exists a path from the input of 𝑒3 to its output that does not belong to the
match itself. The consequence of this is that this rewrite step does not correspond to a term rewriting
modulo SMC — there is no way to identify such a redex without at least traced monoidal structure.
That is, there is no decomposition of 𝑒1 #𝑒3⊗𝑖𝑑 #𝑒2 as 𝑐1 #𝑖𝑑𝑛⊗(𝑖𝑑⊗𝑒1 #sym⊗𝑖𝑑 #𝑖𝑑⊗𝑒2) #𝑐2. There is,
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v1
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Figure 9: DPOI diagram for a non-convex match

however, a match modulo traced symmetric monoidal structure — tr(𝑒3⊗𝑖𝑑# 𝑒1⊗𝑖𝑑#sym⊗𝑖𝑑#𝑖𝑑⊗𝑒2 ).
Requiring convex matches prevents such situations from arising.

C Pushout in EHyp(Σ)
In constructing the pushout the functional versions of e-hypergraph relations will be useful.
Remark C.1. <, < and ⌣ can be considered as (partial) functions defined on 𝑉F⊔𝐸F, i.e., on the
coproduct of vertices and edges. To make things well-typed, we will use corresponding coproduct
injections 𝜄𝑉 : 𝑉F → 𝑉F ⊔𝐸F and 𝜄𝐸 : 𝐸F → 𝑉F ⊔𝐸F when passing either a vertex or an edge into
these functions. For example, the immediate predecessor of a vertex 𝑥 can be written functionally as
<
𝜇

F (𝜄𝑉F (𝑥)).
Remark C.2. Using functional notation we can reformulate the notion of a homomorphism between
two e-hypergraphs in the following way.

Definition C.3. A homomorphism 𝜙 :F→G of e-hypergraphs F ,G is a pair of functions 𝜙𝑉 :𝑉F→
𝑉G,𝜙𝐸 :𝐸F→𝐸G such that
1. 𝜙 is hypergraph homomorphism.
2. When 𝑥 is not a top-level vertex such that <(𝜄𝑉 (𝑥)) is defined,

𝜙𝐸 (<𝜇

F (𝜄𝑉F (𝑥)))=<
𝜇

G (𝜙𝑉 #𝜄𝑉G (𝑥))
and

𝜙𝐸 (<𝜇

F (𝜄𝐸F (𝑥)))=<
𝜇

G (𝜙𝐸 #𝜄𝐸G (𝑥))
when 𝑥 is a not top-level edge.



3. When 𝑥 is not a top-level vertex such that <(𝜄𝑉 (𝑥)) is defined,
𝜙𝐸 (<𝜇

F (𝜄𝑉F (𝑥)))=<
𝜇

G (𝜙𝑉 #𝜄𝑉G (𝑥))
and

𝜙𝐸 (<𝜇

F (𝜄𝐸F (𝑥)))=<
𝜇

G (𝜙𝐸 #𝜄𝐸G (𝑥))
when 𝑥 is a not top-level edge.

4. When 𝑥∈𝐸F
[𝜙𝑉 #𝜄𝑉G ,𝜙𝐸 #𝜄𝐸G]∗(⌣F (𝜄𝐸F (𝑥))) ⊆⌣G (𝜙𝐸 #𝜄𝐸G (𝑥))

where 𝜙𝑉 #𝜄𝑉G :𝑉F→𝑉G⊔𝐸G, and similarly for 𝜙𝐸 #𝜄𝐸G so that [𝜙𝑉 #𝜄𝑉G ,𝜙𝐸 #𝜄𝐸G] :𝑉F⊔𝐸F→𝑉G⊔𝐸G.
5. When 𝑥∈𝑉F

[𝜙𝑉 #𝜄𝑉G ,𝜙𝐸 #𝜄𝐸G]∗(⌣F (𝜄𝑉F (𝑥))) ⊆⌣G (𝜙𝑉 #𝜄𝑉G (𝑥)).

Theorem C.4 (Existence of pushouts in EHyp(Σ)). Consider the following span in EHyp(Σ)

𝑍 𝑋

𝑌

𝑓

𝑔

such that

1. 𝑍 is a discrete e-hypergraph.
2. [ 𝑓𝑉 (𝑣𝑖))= [ 𝑓𝑉 (𝑣 𝑗)) and [𝑔𝑉 (𝑣𝑖))= [𝑔𝑉 (𝑣 𝑗)) for all 𝑣𝑖,𝑣 𝑗 in 𝑉𝑍 .
3. If [ 𝑓𝑉 (𝑣))≠∅ then [𝑔𝑉 (𝑣))=∅ and if [𝑔𝑉 (𝑣))≠∅ then [ 𝑓𝑉 (𝑣))=∅.
4. ⌣( 𝑓𝑉 (𝑣𝑖))=⌣( 𝑓𝑉 (𝑣 𝑗)) and ⌣(𝑔𝑉 (𝑣𝑖))=⌣(𝑔𝑉 (𝑣 𝑗)) for all 𝑣𝑖,𝑣 𝑗 in 𝑉𝑍 .

then the pushout 𝑋⊔ 𝑓 ,𝑔𝑌 exists.

Proof. We next explicitly construct a pushout. Consider the diagram below.

𝑍 𝑋

𝑌 𝑋⊔𝑌/∼𝑅

𝑄

𝑓

𝑔 𝜄1/∼𝑅
𝑗1

𝜄2/∼𝑅

𝑗2

𝑢

Then, the pushout of e-hypergraphs 𝑋 and 𝑌 is computed in two steps. First, a coproduct of 𝑋⊔𝑌 is
computed which is

𝑋⊔𝑌 ={𝑉𝑋⊔𝑉𝑌 ,𝐸𝑋⊔𝐸𝑌 ,𝑠𝑋⊔𝑌 ,𝑡𝑋⊔𝑌 ,⌣𝑋⊔𝑌 ,<𝑋⊔𝑌 ,<𝑋⊔𝑌 }
where 𝑠𝑋⊔𝑌 :𝐸𝑋⊔𝐸𝑌→(𝑉𝑋⊔𝑉𝑌 )∗ which can be defined as a copairing [𝑠′

𝑋
,𝑠′
𝑌
] :𝐸𝑋⊔𝐸𝑌→(𝑉𝑋⊔𝑉𝑌 )∗

and 𝑠′
𝑋
:𝐸𝑋→(𝑉𝑋⊔𝑉𝑌 )∗, 𝑠′𝑌 :𝐸𝑌→(𝑉𝑋⊔𝑉𝑌 )∗ defined as 𝑠′

𝑋
= 𝑠𝑋 #𝜄∗1,𝑉 and 𝑠′

𝑌
= 𝑠𝑌 #𝜄∗2,𝑉 where 𝜄1,𝜄2 are

corresponding coproduct injections, similarly for 𝑡𝑋⊔𝑌 ,<𝑋⊔𝑌 ,<𝑋⊔𝑌 ,⌣𝑋⊔𝑌 . We will omit labels as they are



irrelevant to pushout construction. Consider relations

𝑆𝑉 ={ (𝑥𝑖,𝑦 𝑗) ∈ (𝑉𝑋⊔𝑉𝑌 )×(𝑉𝑋⊔𝑉𝑌 ) |
∃𝑧∈𝑉𝑍 .𝑥𝑖= 𝑓𝑉 #𝜄1,𝑉 (𝑧) and 𝑦 𝑗=𝑔𝑉 #𝜄2,𝑉 (𝑧)
where 𝑥𝑖 ∈𝑉𝑋 and 𝑦 𝑗 ∈𝑉𝑌 }
∪
{ (𝑦 𝑗 ,𝑥 𝑗) ∈ (𝑉𝑋⊔𝑉𝑌 )×(𝑉𝑋⊔𝑉𝑌 ) |
∃𝑧∈𝑉𝑍 .𝑥𝑖= 𝑓𝑉 #𝜄1,𝑉 (𝑧) and 𝑦 𝑗=𝑔𝑉 #𝜄2,𝑉 (𝑧)
where 𝑥𝑖 ∈𝑉𝑋 and 𝑦 𝑗 ∈𝑉𝑌 }
∪
{ (𝑥,𝑥)where𝑥∈𝑉𝑋⊔𝑉𝑌 }

𝑆𝐸={(𝑥,𝑥) where 𝑥∈𝐸𝑋⊔𝐸𝑌 }
and let relations 𝑅𝑉 ,𝑅𝐸 be their transitive closures respectively.
We then quotient the set vertices and edges in 𝑋⊔𝑌 by 𝑅𝑉 and 𝑅𝐸 respectively.

𝑋⊔𝑌/∼ (𝑅𝑉 ,𝑅𝐸 )=(𝑉𝑋⊔𝑉𝑌/∼ (𝑅𝑉 ,𝑅𝐸 ),

𝐸𝑋⊔𝐸𝑌/∼ (𝑅𝑉 ,𝑅𝐸 ),

𝑠𝑋⊔𝑌/∼ (𝑅𝑉 ,𝑅𝐸 ),

𝑡𝑋,𝑌/∼ (𝑅𝑉 ,𝑅𝐸 ),

⌣𝑋⊔𝑌/∼ (𝑅𝑉 ,𝑅𝐸 ),

<𝑋⊔𝑌/∼ (𝑅𝑉 ,𝑅𝐸 )

<𝑋⊔𝑌/∼ (𝑅𝑉 ,𝑅𝐸 ))
We will refer to ∼(𝑅𝑉 ,𝑅𝐸) just as ∼, e.g., by writing 𝑉𝑋⊔𝑉𝑌/∼ and concrete relation will be clear from

the context. Where necessary we will refer to 𝑆𝑉 and 𝑆𝑅 as ∼𝑆. We have
𝑠𝑋⊔𝑌/∼ :𝐸𝑋⊔𝐸𝑌/∼→(𝑉𝑋⊔𝑉𝑌/∼)∗

and there is an obvious surjective function []𝑉 : (𝑉𝑋⊔𝑉𝑌 ) → (𝑉𝑋⊔𝑉𝑌/∼) that maps elements to their
equivalence classes and []∗

𝑉
is its extension to sequences. There is also [] :𝐸𝑋⊔𝐸𝑌→𝐸𝑋⊔𝐸𝑌/∼ and we will

omit subscripts as the correct type will be clear from the argument. We then define
𝑠𝑋⊔𝑌/∼([𝑒])=𝑠𝑋⊔𝑌 #[]∗(𝑒)= [𝑠𝑋⊔𝑌 (𝑒)]∗

We will also use subscripts when it is important to tell if an element of 𝐸𝑋⊔𝐸𝑌 has a pre-image in either
𝐸𝑋 or 𝐸𝑌 by writing 𝑒𝑥 or 𝑒𝑦. Similarly, we will write 𝑣𝑥 to refer to a vertex with a pre-image in 𝑉𝑋.
Likewise,

𝑡𝑋⊔𝑌/∼([𝑒])= [𝑡𝑋⊔𝑌 (𝑒)]∗

These definitions make ([]𝑉 ,[]𝐸) automatically a homomorphism with respect to source and target
maps. These maps are also automatically well-defined functions since [𝑒1]= [𝑒2] implies 𝑒1=𝑒2 since
the mappings for edges are mono.

Recall that < is essentially a transitive closure of <𝜇 and hence we can first define

<
𝜇
𝑋⊔𝑌/∼(𝜄𝐸𝑋⊔𝐸𝑌/∼[𝑒])

and

<
𝜇
𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼[𝑢])

where 𝜄∗ are injections into 𝑉𝑋⊔𝑉𝑌/∼⊔𝐸𝑋⊔𝐸𝑌/∼. We will consider several cases. First, assume that 𝑢 is an
element of 𝑉𝑋⊔𝑌 and



1. If there exists 𝑣 such that <
𝜇

𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑣)) is defined and 𝑢∼𝑣 we let
<
𝜇
𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼([𝑢]))= [<𝜇

𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑣))]
2. 𝑢 has no pre-image in 𝑉𝑍 and <

𝜇

𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑢)) is undefined (i.e., [𝑢)=∅). If there exists 𝑣 such
that <

𝜇

𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑣))=𝑒′ and such that there is an undirected path from [𝑢] to [𝑣], then we define
<
𝜇
𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼[𝑢])=<𝜇

𝑋⊔𝑌/∼ (𝜄𝑉𝑋⊔𝑉𝑌/∼[𝑣])
Otherwise, we leave <

𝜇
𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼([𝑢])) undefined. Now, assume that 𝑒 is an element of 𝐸𝑋⊔𝑌 .

Consider two cases.
1. <

𝜇

𝑋⊔𝑌 (𝜄𝐸𝑋⊔𝐸𝑌
(𝑒))=𝑒′. Then we define

<
𝜇
𝑋⊔𝑌/∼(𝜄𝐸𝑋⊔𝐸𝑌/∼[𝑒])= [<𝜇

𝑋⊔𝑌 (𝜄𝐸𝑋⊔𝐸𝑌
(𝑒))]

2. [𝑒)=∅ and there exists 𝑣 such that <
𝜇

𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑣))=𝑒′ and such that there is an undirected path
from [𝑒] to [𝑣], we define

<
𝜇
𝑋⊔𝑌/∼(𝜄𝐸𝑋⊔𝐸𝑌/∼[𝑒])=<𝜇

𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼[𝑣])
Otherwise we leave <

𝜇
𝑋⊔𝑌/∼(𝜄𝐸𝑋⊔𝐸𝑌

∼([𝑒])) undefined. Clearly, all the cases above are disjoint. We similarly

define <
𝜇
𝑋⊔𝑌/∼.

Let’s now define ⌣𝑋⊔𝑌/∼. We can consider the consistency relation from the coproduct as a function

⌣𝑋⊔𝑌 : (𝑉𝑋⊔𝑉𝑌 )⊔(𝐸𝑋⊔𝐸𝑌 )→2(𝑉𝑋⊔𝑉𝑌 )⊔(𝐸𝑋⊔𝐸𝑌 )

Quotienting the values of the function gives us
⌣′𝑋⊔𝑌 :𝑉𝑋⊔𝑉𝑌⊔𝐸𝑋⊔𝐸𝑌→2(

𝑉𝑋⊔𝑉𝑌/∼⊔(𝐸𝑋⊔𝐸𝑌 )/∼)

which is essentially [[]𝑉 #𝜄𝑉𝑋⊔𝑉𝑌/∼,[]𝐸 #𝜄𝐸𝑋⊔𝐸𝑌/∼]∗ (a copairing extended to sequences that we will further
denote as [[]⌣

𝑉
[]⌣

𝐸
]) applied to the return value of ⌣𝑋⊔𝑌 . We then first define an auxiliary relation ⌣#

similarly to how <
𝜇
𝑋⊔𝑌/∼ was defined. We begin with defining ⌣

#
𝑋⊔𝑌/∼ for vertices.

1. If there exists 𝑣 such that ⌣𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑣))≠∅ and 𝑢∼𝑣, we let
⌣

#
𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼([𝑢]))

=

[[]⌣𝑉 ,[]⌣𝐸 ]∗(⌣𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑣)))
2. 𝑢 has no pre-image in 𝑉𝑍 and⌣𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑢))=∅ and there exists 𝑣 such that⌣𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑣))≠∅

and such that there is an undirected path from [𝑢] to [𝑣]. Then we let

⌣
#
𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼([𝑢]))=⌣#

𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼([𝑣]))
Next we define ⌣#

𝑋⊔𝑌/∼ for edges.

1. If ⌣𝑋⊔𝑌 (𝜄𝐸𝑋⊔𝐸𝑌
(𝑒))≠∅, then

⌣
#
𝑋⊔𝑌/∼(𝜄𝐸𝑋⊔𝐸𝑌/∼([𝑒]𝐸))= [[]⌣𝑉 ,[]⌣𝐸 ]∗(⌣𝑋⊔𝑌 (𝜄𝐸𝑋⊔𝐸𝑌

(𝑒)))
2. ⌣𝑋⊔𝑌 (𝜄𝐸𝑋⊔𝐸𝑌

(𝑒))=∅ and there exists 𝑣 such that ⌣𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑣))≠∅ and such that there is an
undirected path from [𝑒] to [𝑣] then

⌣
#
𝑋⊔𝑌/∼(𝜄𝐸𝑋⊔𝐸𝑌/∼([𝑒]𝐸))=⌣#

𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌 ([𝑣]))
The well-definedness of this construction follows by the same argument as the well-definedness of

<
𝜇
𝑋⊔𝑌/∼. Then we define

⌣𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼([𝑣]))
and

⌣𝑋⊔𝑌/∼(𝜄𝐸𝑋⊔𝐸𝑌/∼([𝑒]))
as closures of ⌣#

𝑋⊔𝑌/∼ as below.

(⌣#
𝑋⊔𝑌/∼(𝜄∗/∼([𝑥])))

𝑐

where 𝑐 denotes a closure and 𝜄∗/∼ is 𝜄𝑉𝑋⊔𝑉𝑌/∼ or 𝜄𝐸𝑋⊔𝐸𝑌/∼ depending on whether [𝑥𝑖] comes from 𝑉𝑋⊔𝑉𝑌 or
𝐸𝑋⊔𝐸𝑌 , is the smallest set such that
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Figure 10: Pushout in EHyp(Σ)
• [𝑥] ∈ (⌣#

𝑋⊔𝑌/∼(𝜄∗/∼([𝑥])))
𝑐 if ⌣#

𝑋⊔𝑌/∼(𝜄∗/∼([𝑥]))≠∅
• if [𝑦] ∈⌣#

𝑋⊔𝑌/∼(𝜄∗/∼([𝑥])) then
[𝑥] ∈ (⌣#

𝑋⊔𝑌/∼(𝜄∗/∼([𝑦])))
𝑐

• for any sequence ([𝑥1],...,[𝑥𝑛]) such that

[𝑥𝑖] ∈⌣#
𝑋⊔𝑌/∼(𝜄∗/∼([𝑥𝑖⊔1]))

or
[𝑥𝑖⊔1] ∈⌣#

𝑋⊔𝑌/∼(𝜄∗/∼([𝑥𝑖]))
for 𝑖<𝑛 both

[𝑥1] ∈ (⌣#
𝑋⊔𝑌/∼(𝜄∗/∼([𝑥𝑛])))

𝑐

and
[𝑥𝑛] ∈ (⌣#

𝑋⊔𝑌/∼(𝜄∗/∼([𝑥1])))
𝑐

This construction is analogous to how a pushout was constructed by Tiurin et al. [33] and we refer
the reader for more detailed proofs there. The only addition is <

𝜇
𝑋⊔𝑌/∼ that is constructed analogously to

<
𝜇
𝑋⊔𝑌/∼.

The construction can be illustrated with the example in Figure 10. Vertices and edges that are being
identified as they have a common preimage inherit the relations from the vertex or edge that has it

defined either directly or via a path. In particular, a coproduct of two feet contains
𝑣1 𝑣2 𝑣3 𝑣′1 𝑣′2 𝑣′3

such that <𝑋⊔𝑌 is only defined for 𝑣1,𝑣2,𝑣3. Therefore, we assign <𝑋⊔𝑌/∼(𝜄𝑉𝑋⊔𝑉𝑌/∼[𝑣′1])= [<𝑋⊔𝑌 (𝜄𝑉𝑋⊔𝑉𝑌 (𝑣1))]
and so on. This motivates the requirement for conditions (2), (3), and (4) of Theorem C.4, otherwise
such inheritance would be ambiguous.

D Interpretation of Σ-terms as cospans of hypergraphs

The base cases for interpretation function [−] :S(Σ)→MHypI(Σ) are given in Figure 11. Then it is
defined inductively by letting [ 𝑓 ⊗𝑔]F [ 𝑓 ] ⊗ [𝑔] and [ 𝑓 #𝑔]F [ 𝑓 ] # [𝑔] and by freeness induces the
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Figure 11: Base cases for [−] :SMT(Σ)→MHypI(Σ)
corresponding functor. We obtain the interpretation function J−K :Σ+→MCEHypI(Σ) by combining the
above with the interpretations of Jev𝐴,𝐵K and JΛ𝐴,𝐵,𝐶K shown in Figure 12 and by interpreting J 𝑓 +𝑔K
as shown in Figure 13. The rest again follows by induction and freeness. Note that unlike [−], J−K does
not get promoted to a functor CS+(Σ)→MCEHypI(Σ); this is because target of the to-be functor is
not a closed symmetric monoidal SLat-category, although we will turn it into a symmetric monoidal
SLat-category. This is achieved by quotienting morphisms of MCEHypI(Σ) by EDPOI rewrite rules
that arise from the interpretation of SLat SMC axioms. For example, the EDPOI rule corresponding to
the distributivity of (#) over + is given by the following rewrite rule.
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. . .b1 bm

F
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. . .
a1 ak

.

Additionally, we quotient by the distributivity law (Equation 1). The rewrite (schema) rule corresponding
to it looks as follows.

a1

...

bm

b′1 b′m
. . .

a1

...

b′1

...

a1

...

b1,1

...

. . .

G1

. . .
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. . .

. . .

. . .

. . .

b1 bm
. . .
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. . .

. . .

a′1 a′k

. . .

a1 ak−1

. . .

. . .

a′k

...

bm

a1,1a1,k−1

b1,1 b1,m bn,1 bn,m

an,1an,k−1

an,k−1

...

bm

.
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Figure 12: JevK (left) and JΛ( 𝑓 )K (right)
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Figure 13: + of two morphisms in MCEHypI(Σ)
The collection of these rules is denoted S and defines the corresponding category MCEHypI(Σ)/S
where morphisms (cospans) are identified if they can be rewritten into each other.

E EDPOI rewriting

Consider an example of EDPOI rewriting in Figure 14 as defined in Definition 5.4. The rule in the top
half of the diagram is an instance of a 𝛽-reduction rule as defined for string diagrams [18]. Note that the
match satisfies all the conditions of the boundary complement as all vertices from the interface have the
same parent. First, to compute the boundary complement, we remove from the source e-hypergraph
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Figure 14: 𝛽-rule EDPOI example.

everything that has no pre-image in the interface above. The mda-cospan for the complement then will
be

[𝑢1]→[𝑢1,𝑣1,𝑣2]⊔[𝑣3]→L⊥←−[𝑣3]⊔[𝑣1,𝑣2]←−[𝑢2] .
Note how we removed strict internal interfaces of L from internal interfaces of G, yielding [𝑢1,𝑣1,𝑣2] and
similarly for output interfaces. After computing the pushout for the second half of the diagram we add
strict internal interfaces of R but since there are none, we are done as per condition (2) of Definition 5.4.

F Modelling 𝜆lsub-calculus in slotted e-graphs

pub enum Lambda {
Lam(Bind<AppliedId>) = "lam",
App(AppliedId, AppliedId) = "app",
// subst £x t u := t[x / u]
Subst(Bind<AppliedId>, AppliedId) = "subst",
Var(Slot) = "var",

}

Listing 1: 𝜆lsub syntax definition in slotted e-graphs



fn beta() -> Rewrite<Lambda> {
let pat = "(app (lam $1 ?b) ?t)";
let outpat = "(subst $1 ?b ?t)";
Rewrite::new("beta", pat, outpat)

}

Listing 2: 𝜆lsub 𝑑𝛽-rule

Recall the grammar, the reduction rules and the equational theory of 𝜆lsub from Section 7. These can
be directly encoded in the framework of slotted e-graphs of Schneider et al. [29] as can be seen in Listing 1,
Listing 2, Listing 4, Listing 3, and Listing 5. We use "subst" to denote explicit substitution and use
the built-in substitution mechanism provided by slotted e-graphs to encode 𝐶J𝑥K[𝑥/𝑢]→𝐶J𝑢K[𝑥/𝑢] rules.
Notably, since equivalence is symmetric, the corresponding rules have two versions — left and right. We
check for the side conditions using conditional rewrites provided by the slotted e-graphs framework.

To show the effect of those particular sets of rewrites when performing equality saturation for 𝜆lsub
we apply certain subsets of these rewrites to a simple term that encodes 2+2 using Church encoding.
When doing so, we keep track of the number of e-nodes in the saturated e-graph as well as the
number of times each rewrite was applied during saturation (we count only the applications that change
the e-graph). We also note whether a particular rewrite is absorbed by using string-diagrammatic
(e-hypergraph) representation of 𝜆lsub-terms. The idea is to show how much workload can be absorbed
by using the above-mentioned representation that represents certain equivalences on the nose. Table 1
shows the number of e-nodes after saturation with different sets of rewrite rules associated with 𝜆lsub
enabled. lambda subst is the distributivity of substitution over lambda abstraction (encoded using
two rewrite rules) which is the middle equation of graphical equivalence from Section 7, subst comm

is the commutativity of substitutions which corresponds to the first equation and app subst is the
third equation. We can see that enabling all those rules — that is truly performing rewriting modulo
graphical equivalence — significantly increases the number of e-nodes in the e-graph. Since subst comm

and app subst are absorbed by the e-hypegraph representation we theoretically can get away with
fewer nodes if we used this representation.

Another metric that we use is the number of times each rewrite was applied during saturation which
is shown in Table 2. 𝑔𝑐 rule is encoded using subst no var rewrite rule. We can see that the rules
that are absorbed by the e-hypergraph representation (highlighted in grey) comprise more than half of
all the rewrite applications during saturation when all the rules are enabled. So again, using a more
suitable representation can significantly reduce the workload of the equality saturation in this case.
Remark F.1. Even though 𝑔𝑐 rule is not absorbed by the e-hypergraph representation (despite being
a part of string diagram equivalence), we can argue that this rule can be disregarded when using
e-hypergraphs. Consider a substitution 𝑦[𝑥/𝑣] which corresponds to the following composition in the
internal language

Γ1,𝑦 :𝑇,Γ2⊢𝑣 :𝑇 ′ Γ1,𝑥 :𝑇
′,𝑦 :𝑇,Γ2⊢𝑦 :𝑇

Γ1,𝑦 :𝑇,Γ2⊢𝑦[𝑥/𝑣] :𝑇≡𝑦
This composition is represented using the string diagram in Figure 15. While string diagrammatically
this composition equals the string diagram for just 𝑦 since we are working modulo the equations for
copy and delete, they are not isomorphic as e-hypergraphs. However, since the output of 𝑣 gets deleted
anyway, we can ignore any rewrites that involve 𝑣 and its inputs. The deletion morphisms for Γ1,Γ2
that follow the copy can be absorbed by the e-hypergraph representation by following the approach of
Milosavljevíc et al. [25].



fn subst_no_var() -> Rewrite<Lambda> {
let pat = "(subst $x ?t1 ?t2)";
let outpat = "?t1";
Rewrite::new_if("subst_no_var", pat, outpat, |subst, _ | {

!subst["t1"].slots().contains(&Slot::named("x"))
})

}

Listing 3: 𝜆lsub 𝑔𝑐-rule

Γ1 y Γ2

v

Figure 15: String diagram for 𝑦[𝑥/𝑣]

Set of equations 𝑑𝛽 + 𝑙𝑠 + 𝑔𝑐 𝑑𝛽 + 𝑙𝑠 + 𝑔𝑐 𝑑𝛽 + 𝑙𝑠 + 𝑔𝑐 𝑑𝛽 + 𝑙𝑠 + 𝑔𝑐

+ lambda subst + lambda subst + lambda subst

+ subst comm + subst comm

+ subst app

# of e-nodes 88 185 244 846

Table 1: Number of e-nodes after saturating the e-graph for 2+2 with different sets of rewrite rules for
𝜆lsub

Rewrite rule # of applications # of applications # of applications # of applications Absorbed?
(𝑑𝛽 + 𝑙𝑠 + 𝑔𝑐) (𝑑𝛽 + 𝑙𝑠 + 𝑔𝑐 (𝑑𝛽 + 𝑙𝑠 + 𝑔𝑐 (𝑑𝛽 + 𝑙𝑠 + 𝑔𝑐

+ lambda subst) + lambda subst + lambda subst

+ subst comm) + subst comm

+ subst app)
beta 14 57 49 80 No
subst no var 35 113 118 197 No
ls rule * 48 141 140 302 Yes
subst lambda — 76 109 336 No
subst comm — — 104 321 Yes
subst app — — — 263 Yes

Table 2: Number of times each rewrite rule was applied during saturation of the e-graph for 2+2



fn ls_rule_var() -> Rewrite<Lambda> {
let pat = "(subst $x (var $x) ?t)";
let outpat = "(subst $x (var $x)[(var $x) := ?t] ?t)";
Rewrite::new("ls_var", pat, outpat)

}

fn ls_rule_app_l() -> Rewrite<Lambda> {
let pat = "(subst $x (app ?u ?v) ?t)";
let outpat = "(subst $x (app ?u[(var $x) := ?t] ?v) ?t)";
Rewrite::new_if("ls_app_l", pat, outpat, |subst, _| {

subst["u"].slots().contains(&Slot::named("x"))
&& !subst["v"].slots().contains(&Slot::named("x"))

})
}

fn ls_rule_app_r() -> Rewrite<Lambda> {
let pat = "(subst $x (app ?u ?v) ?t)";
let outpat = "(subst $x (app ?u ?v[(var $x) := ?t]) ?t)";
Rewrite::new_if("ls_app_r", pat, outpat, |subst, _| {

!subst["u"].slots().contains(&Slot::named("x"))
&& subst["v"].slots().contains(&Slot::named("x"))

})
}

fn ls_rule_lam() -> Rewrite<Lambda> {
let pat = "(subst $x (lam $y ?b) ?t)";
let outpat = "(subst $x (lam $y ?b[(var $x) := ?t]) ?t)";
Rewrite::new_if("ls_lam", pat, outpat, |subst, _| {

subst["b"].slots().contains(&Slot::named("x"))
})

}

fn ls_rule_subst_l() -> Rewrite<Lambda> {
let pat = "(subst $x (subst $y ?u ?t1) ?t2)";
let outpat = "(subst $x (subst $y ?u ?t1[(var $x) := ?t2]) ?t2)";
Rewrite::new_if("ls_subst_l", pat, outpat, |subst, _| {

subst["t1"].slots().contains(&Slot::named("x"))
})

}

fn ls_rule_subst_r() -> Rewrite<Lambda> {
let pat = "(subst $x (subst $y ?u ?t1) ?t2)";
let outpat = "(subst $x (subst $y ?u[(var $x) := ?t2] ?t1) ?t2)";
Rewrite::new_if("ls_subst_r", pat, outpat, |subst, _| {

subst["u"].slots().contains(&Slot::named("x"))
})

}

Listing 4: 𝜆lsub 𝑙𝑠-rules



fn subst_comm() -> Rewrite<Lambda> {
let pat = "(subst $y (subst $x ?u ?t1) ?t2)";
let outpat = "(subst $x (subst $y ?u ?t2) ?t1)";
Rewrite::new_if("subst_comm", pat, outpat, |subst,_| {

!subst["t2"].slots().contains(&Slot::named("x"))
&& !subst["t1"].slots().contains(&Slot::named("y"))

})
}

fn lambda_subst_l() -> Rewrite<Lambda> {
let pat = "(subst $x (lam $y ?b) ?t)";
let outpat = "(lam $y (subst $x ?b ?t))";
Rewrite::new("lambda_subst_l", pat, outpat)

}

fn lambda_subst_r() -> Rewrite<Lambda> {
let pat = "(lam $y (subst $x ?b ?t))";
let outpat = "(subst $x (lam $y ?b) ?t)";
Rewrite::new_("lambda_subst_r", pat, outpat, |subst, _| {

!subst["t"].slots().contains(&Slot::named("y"))
})

}

fn subst_app_l() -> Rewrite<Lambda> {
let pat = "(subst $x (app ?t1 ?t2) ?t3)";
let outpat = "(app (subst $x ?t1 ?t3) ?t2)";
Rewrite::new_if("subst_app_2", pat, outpat, |subst,_| {

!subst["t2"].slots().contains(&Slot::named("x"))
})

}
fn subst_app_r() -> Rewrite<Lambda> {

let pat = "(app (subst $x ?t1 ?t3) ?t2)";
let outpat = "(subst $x (app ?t1 ?t2) ?t3)";
Rewrite::new_if("subst_app_2_2", pat, outpat, |subst,_| {

!subst["t2"].slots().contains(&Slot::named("x"))
})

}

Listing 5: Graphical equivalence rules for 𝜆lsub
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