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» Core calculus for temporal resources
> Stateful time-aware operational semantics

» Equational soundness



Motivation

let (body, door, windshield) = disassemble (car) in
let (body', door') = paint (body, door) in

delay Tz,

assemble (body', door', windshield)



Motivation

let (body, door, windshield) = disassemble (car) in
let (body', door') = paint (body, door) in

delay Tz,

assemble (body', door', windshield)

let (body, door, windshield) = disassemble (car) in

let (body', door') = paint (body, door) in

let windshield' = clean (windshield) in (5 Ty £ Taleem =)
assemble (body', door', windshield')



Core Calculus



Core calculus

Based on:

D. Ahman. When programs have to watch paint dry, FoSSaCS
(2023) 1-23.

Value V,W :=x variable
| f(Vi,..., Vi) constant
| 0 ‘ (V, W) unit and pair

| fun (x: X)— M function

Effect handler H := (x.k.Mop) operation clauses

opev



Core calculus

Computation

M,N ==return V
letx=MinN
VW

match V with {(x,y) — N}
opV (x.M)

handle Mwith Htozin N
delay t M

boxyx VasxinN

unboxyx Vasxin N

returning a value
sequential composition
function application
product elimination
algebraic operation call
effect handling

time delay operation
boxing up

unboxing



Core calculus - Types

Time grade: T€N
Ground type A,B,C == b |unit | AxB | [1]A
Valuetype X,Y,Z :== A | XxY | X=Y!t | X
Computation type: X!t

(Variable) context " == 0 | [x:X | I} (1)



Core calculus - Typing rules

Important rules

LET
r-mM:X!'= TL{t)hx:XFN:Y!T

F-letx=MIinN:Y!t+1



Core calculus - Typing rules

Important rules

LET
r-mM:X!'= TL{t)hx:XFN:Y!T

F-letx=MIinN:Y!t+1

Or
rl_V:Aop r;<Top>)x:B0p'_M:X!T

FFopV(x . M): X!1p+T



Core calculus - Typing rules

DELAY
L FM: X!t

l-delaytM: X! t+1



Core calculus - Typing rules

DELAY
L{tyFM:X!7

l-delaytM: X! t+1

BOX
LOFV:X Lx:[tXEN:Y!T

Mkboxyyy VasxinN:Y! 1



Core calculus - Typing rules

DELAY
L{tyFM:X!7

l-delaytM: X! t+1

BOX
LOFV:X Lx:[tXEN:Y!T

Mkboxyyy VasxinN:Y! 1

UNBOX
T <1Tr Fr—tFV:[1X Nx:XFN:Y!T

It unboxpyx VasxinN:Y!t



Core calculus - Contexts

Time substraction
r-0=r
0— T+ = 0
def

x:X)—14 =T —14

L(t/—1y), ifty <t
)

I'—(ty —1'), otherwise

(G{t")) —T+d:ef{

Context time

def def def
=0 Tre)=T T =T+T



Core calculus - Typing rules

HANDLE
rEM: X!+t

N(1),z:XFN:Y!T  H=(x.k.Moploeo

(V" . Tx: Aopy k: [Topl (Bop — Y I T") - Mop : Y ! Top +T”)ope(9

I handle MwithHtozinN:Y!t+ 1



Example

H := handler {
| (prepare, body, door, k) — (
let (body',door’) = clean (body, door) in
let (body",door") = paint (body',door’) in
k (body",door")
)
| (disassemble, car, k) — let y = disassemble (car) ink 'y
[ ...
} (x Important thing is that Teen + Tpaint = Tprepare *)
handle (
let (body, door, windshield) = disassemble (car) in
let (body', door') = prepare (body, door) in
let windshield' = clean (windshield) in
assemble (body', door', windshield)
) with H to car in return car



Renamings and Admissible Rules

Proposotion

Standard structural rules are admissible

Nr'-]  x:Xgnr Lx:X,y:Y,T'+]

Nx:X, T/ k] Ny:Y,x:X,T'+]

Lx:X,x":X,T'"+]

Lx: X, T F Jix/x']



Renamings and Admissible Rules

Proposotion

Additionally, admissible for the time-graded context modalities

L), ] H{m+mw),l"H]
NN (), (m2), T ]
N(t),M"E] <7 LT, x: X, T ]

L) T ] Lx:X, (1), M"F]



Renamings and Admissible Rules

Ren I p:oars(T) — vars(T') | V(x:X eT). p(x): X T’

Note: I' = rx,l) X: X) rx,Z




Stateful Time-Aware Operational Semantics

(SIM) ~ (S"| M)



Stateful Time-Aware Operational Semantics - States

States:

_Q)‘S ‘SX'—)HXV



Stateful Time-Aware Operational Semantics - States

States:
=0 ‘ S ‘ S X X %4
Operations on states:
»S—1
| 2 TS
0, ifS=10
> Ts = rS’)<T>) if S =9/, <T>

lsnx:[UX, ifS=8 x—xV



Stateful Time-Aware Operational Semantics - States

Proposotion
Ifx: X eTs, then

» X = [1]Y for some tand Y, and
> x gy V €S, for some V.

Proposotion

» Forall S and t, we have Ts_ =g — 7.
» Forall Sand S’, we have Ts s» = Ts, T's'.
» Forall S, we have try = Ts.

» Forall Sand S’, we have tg g/ = Ts + Ts.



Stateful Time-Aware Operational Semantics -
Reduction rules

Small-step reduction relation (S | M) ~ (S’ | M').



Stateful Time-Aware Operational Semantics -
Reduction rules

Small-step reduction relation (S | M) ~ (S’ | M').
SEM-LET-CONG

(SIM)~ (S| M)

(Slletx=MinN)~(S'[letx=M"inN)

SEM-LET-RET

(Sllet x = (return V) in N) ~» (S| N[V /x])

SEM-LET-OP

(Slletx=(opV (y.M))inN)~ (SlopV (y.letx=Min N))



Stateful Time-Aware Operational Semantics -
Reduction rules

SEM-DELAY

(Sldelay T M) ~ (S, (T) | M)

SEM-BOX

S|boxygx Vasxin N) ~ (S;x —gx VIN
[1] [1]



Stateful Time-Aware Operational Semantics -
Reduction rules

SEM-UNBOX

yes

(S| unboxy x y as x in N) ~ (S| N[S[yl/x])

V, ifS:S/,x'—)[ﬂXV
S ={ S'[x], ifS=S(t)orS=S"y—yx Vandx £y
undefined, ifS =10



Stateful Time-Aware Operational Semantics -
Reduction rules

SEM-HANDLE-OP

H == (x . k . Mop)opeo

(Slhandle (op V (y . M)) with Hto z in N) ~»
(S | box (fun (y : Bep) — handle M with H to z in N)
as w in MeplV /x,w/k])

'EM: X!zt
L{t),z:XFN:Y!1 H = (x.k.Mop)opeo

(V" . Tx: Aop, k: [Topl (Bop = Y1 ") = Mop : Y 1 top +77)

'+ handle Mwith HtozinN: Y ! t+ 1’



Type Safety



Stateful Time-Aware Operational Semantics - Progress

Theorem (Progress theorem)
If-SandTs = M : X | 7, then either

» M is in a result form, or
» we can make step (S | M) ~~ (S"| M"), for some S’ and M.

Result form is either an operation call or a returned value.



Stateful Time-Aware Operational Semantics -
Preservation

Theorem (Preservation theorem)
If-SandTs - M: X! 7, and if (S| M) ~~ (S’ | M), for some S’ and
M, then

> -5/,
» there exists a t/, such that ts + 1T = tg/ + 1/, and

> FS/ FM X! T



Equational Soundness

(SIM) ~(S"|M’)
i
- Ks[M] = Ks/[M'] : X ! (15 + )



Equational Soundness - Equational theory

Equations for well-typed terms:

rNFv=w:X I'FM=N:X!7.



Equational Soundness - Equational theory
Equations for well-typed terms:

rNFv=w:X I'FM=N:X!7.

We have:

» congruence rules

» standard 3-equations and n-equations for the non-modal
Ag-values and A-computations as in FGCBV



Equational Soundness - Equational theory

» standard equations for computation terms (let, handle)



Equational Soundness - Equational theory

» standard equations for computation terms (let, handle)

handle (return V) with Hto zin N = N[V /Z]



Equational Soundness - Equational theory

» standard equations for computation terms (let, handle)

handle (return V) with Hto zin N = N[V /Z]

handle (op V (y . M)) with Htozin N =
box (fun (y : Bop) — handle M with H to z in N)
as w in MoplV /x,w/kl,

where H = (x . k. M°p)ope(9 andy ¢ fo(H),y & fo(N)



Equational Soundness - Equational theory

» equations describing interactions of delay

let x = (delay t M) in N =
delay t (let x =M in N)

handle (delay Tt M) with Hto zin N =
delay t (handle M with H to z in N)

delayOM =M
delay T (delay v/ M) = delay (t+1') M

» equations describing behaviour of box and unbox
(displayed later)



Equational Soundness - Computational context

Computational context K := []
| op V (x.K)
| delay TK
| boxpgx VasxinK

| unboxiyx V as xin K

Comp. context time: T

Bounded variables: Tk



Equational soundness - Computational context
Composition operation: K[K’]
Hole filling operation: K[M]
Proposotion
> IfT-K:tand [Tk K : 1/, then T' = KK’ : T+ 1.

> IfTEK:tand [Tk - M : X! 1/, thenT = KM] : X! t+ 1.

Judgements are polymorphic in type of return values!



Equational soundness - Equational theory

Equations of box and unbox:

let x = (boxjyx Vasyin M) inN =
boxyx Vasyin (letx =M in N)

let x = (unboxx Vasyin M) inN =
unboxyx Vasyin (letx =M in N)

handle (box;x Vasyin M) withHtozin N =
boxyx V as yin (handle M with H to z in N)

handle (unbox;x V asyin M) withHtozin N =
unbox x V asyin (handle M with H to z in N)

(with y ¢ fo(N) in all four equations)



Equational soundness - Equational theory

Equations of box and unbox:

boxigx V as xin (boxiy WasyinN) =
boxy Was yin (boxyyx V as xin N)

unboxix V as x in (unboxyx» WasyinN) =
unbox. x» Was yin (unbox;yx V as xinN)

boxix V as x in (unboxyx» WasyinN) =
unboxx» Was yin (boxiyx V as xin N)

(with x & fo(W),y & fo(V) in all three equations)



Equational soundness - Equational theory

Equations of box and unbox:

boxiyx V as x in Klunboxyyx x asy in N] =
boxiyx VasxinKIN[V/yll (tx > 1)

boxyx VasxinN=N (x &€ fo(N))
unboxyx VasxinN=N (x € fo(N))

unboxpyx V as x in (unboxpyx VasyinN) =
unboxiyx V as x in Nix/yl



Equational soundness - Computational context

Proposotion
Fr=K:tand Tk - M= N: X!, then we have

N -KM] =K[N]: X! 1+ 1.

Proposotion

FrEK:itand [Tk EM: X!t and T, (t+ 1), x: XFN:Y!1”,
then we have the algebraicity equation

FFletx=KM]inN=Klletx=MinN]:Y!t+1' +1".



Equational soundness - Computational context

Translation from state to computational context:

Ks/[delay T []], ifS=S' (1)
KS/[bOX[ﬂX Vasxin[]l, ifS=S x —igx V

def

Ks =



Equational soundness - Computational context

Translation from state to computational context:

[, ifS=10
Ks £ { Kg/[delay T [1], ifS =S5 (1)
KS/[bOX[ﬂX Vasxin[]l, ifS=S x —igx V
Proposotion

» Forall Sand S’, we have Ks s» = Ks[Ks/] and Txg =Ts.

» = IfS=S'x —yx V,S”, then we have
Ks = KS/[bOX[T]X Vasxin KS//].



Equational soundness - Soundness theorem

Theorem
If-SandTs M : X! tand (S| M)~ (S" | M'), then

FKsIM] = Kg/[M']: X! (ts + 7).



Equational soundness - Soundness theorem

Theorem
If-SandTs M : X! tand (S| M)~ (S" | M'), then

FKsIM] = Kg/[M']: X! (ts + 7).

Almost works ...



Equational soundness - Soundness theorem

Case SEM-LET-CONG
We have:

> M~ M’
> =  Ks[M] = Ks/[M']

> = F KgM] = Kg[Kgn[M']]

(induction hypothesis)



Equational soundness - Soundness theorem

Case SEM-LET-CONG
We have:

> M~ M’
> = FKsM] =Kg/[M'] (induction hypothesis)
> = F Ks[M] = Ks[Ks» [M]]
We want:
> - Kgllet x =M in N] = Kg/[let x = M’ in N]
> & | Kgllet x =M in N] = Kgllet x = Kg»[M'] in N]
> Tk Fletx=MinN =letx =Ksv[M'] in N
We are stuck with kg F M = Kg[M']



Equational soundness - Evaluation context
Evaluation context E =[]
|letx=EinN

{ handle E with Hto zin N



Equational soundness - Evaluation context

E:=[]]|letx=EinN | handle Ewith Hto zin N

Proposotion
IfTrxgE: YT andTHM =N : X! 1, then

r-EM]=E[N]:Y!T.



Equational soundness - Evaluation context

E:=[]]|letx=EinN | handle Ewith Hto zin N

Proposotion
IfTrxgE: YT andTHM =N : X! 1, then

r-EM]=E[N]:Y!T.

Proposotion
IfTrye E:ZIt"and T —aF Vit Xand Tx: X FN: YT,
then we have the equation

I+ E[unboxy x V as x in N] = unboxyx VasxinE[N]: Z! 1",

and similarly for box and delay.



Equational soundness - Soundness theorem

Theorem
If
> S, and
> [s-M:X!7, and
> (S| M)~ (S"| M), for some S’ and M', with S’ = S, S”,

then for every evaluation context I's Fxq E: Y ! T/, we have

F Ks[EIM]] = Ks[E[Ks/[M']]]: Y! (ts + T').



Proof of soundness theorem.
SEM-LET-CONG

> M=letx=NinPand M’ =letx=N'inP



Proof of soundness theorem.
SEM-LET-CONG

> M=letx=NinPand M’ =letx=N'inP

» (S|N)~ (S"|N')



Proof of soundness theorem.
SEM-LET-CONG

> M=letx=NinPand M’ =letx=N'inP
» (S|N)~ (S"|N")

> = VE'. - Ks[E/IN] = Ks[E'[Ks# [N : Z ! (ts + ") (I F1)



Proof of soundness theorem.
SEM-LET-CONG

> M=letx=NinPand M’ =letx=N'inP
» (S|N)~ (S"|N")
> = VE. - Ks[E/[N]] = Ks[E' K/ [N : Z! (s + ") (I H.)

> E'“Ellet x =[] in P



Proof of soundness theorem.
SEM-LET-CONG

> M=letx=NinPand M’ =letx=N'inP

> (SIN)~ (S"IN')

> = VE'. - Ks[E'[N]] = Ks[E'[Ks/ [Nl : Z ! (ts + 1) (L. F.)
> E'ZElletx=1[]inP

> = I KglE[let x = N in P]] = Kg[Ellet x = Kg#[N'] in P]] :
Y!(1s+1')



Proof of soundness theorem.
SEM-LET-CONG

> M=letx=NinPand M’ =letx=N'inP

> (SIN)~ (S"IN')

> = VE'. - Ks[E'[N]] = Ks[E'[Ks/ [Nl : Z ! (ts + 1) (L. F.)
> E'ZElletx=1[]inP

> = I KglE[let x = N in P]] = Kg[Ellet x = Kg#[N'] in P]] :
Y! (ts+71')

> = F Ks[EIM]] = KslE[Ks/ [M]]] : Y! (ts + T')



Proof of soundness theorem - continuation.

SEM-DELAY
» M =delay Ty M’

> = KS” = delay T1 []

> =+ Ks[E[M]] = KS[E[deIay T1 M/]] = Ks[E[KSu [M/]]] :
Y!(ts+ 1)



Proof of soundness theorem - continuation.

SEM-DELAY
» M =delay Ty M’

> = Ks// = delay T1 []

> =+ Ks[E[M]] = KS[E[deIay T1 M/]] = Ks[E[KSu [M/]]] :
Y!(ts+ 1)

SEM-BOX
» M = boXmy V asxin M’

> = Kgr = bOX[T//]X/ Vasxin[]

> = KS[E[M]] = KS[E[bOX[TN]X/ Vasxin M/]] =
KslEKs/ Ml : Y! (15 +T')



Proof of soundness theorem - continuation.
SEM-UNBOX
» M = unbox;»xs y as xin Nand M’ = N[S[y]/x] and
S'=S



Proof of soundness theorem - continuation.

SEM-UNBOX
» M = unbox;»xs y as xin Nand M’ = N[S[y]/x] and
S'=S8

> Syt X els—1"and s, x: X' F N: [t X (inversion)



Proof of soundness theorem - continuation.

SEM-UNBOX
» M = unbox;»xs y as xin Nand M’ = N[S[y]/x] and
S'=S8

> Syt X els—1"and s, x: X' F N: [t X (inversion)

> =Tk Sy : X’



Proof of soundness theorem - continuation.
SEM-UNBOX

» M = unbox;»xs y as xin Nand M’ = N[S[y]/x] and
S'=8

> Syt X els—1"and s, x: X' F N: [t X (inversion)
> = TskSlyl: X'

> TI's = (Ts)y1,y: [t"1 X', (Ts)y2



Proof of soundness theorem - continuation.

SEM-UNBOX
» M = unbox;»xs y as xin Nand M’ = N[S[y]/x] and
S'=S8

> Syt X els—1"and s, x: X' F N: [t X (inversion)
> = TskSlyl: X'
> Is = (Is)y1,y: [t"1 X', (Ts)y2

> = S = Sy,l)y '_)[TII}X/ S[y], Sy,Z



Proof of soundness theorem - continuation.

SEM-UNBOX
» M = unbox;»xs y as xin Nand M’ = N[S[y]/x] and
S'=S8

> Syt X els—1"and s, x: X' F N: [t X (inversion)
> = TskSlyl: X'

> Is = (Is)y1,y: [t"1 X', (Ts)y2

> = S=S5,1,y —prx Slyl, Sy

> KS” = []



Proof of soundness theorem - continuation.

F Ks[E[unbox» x/ y as x in N



Proof of soundness theorem - continuation.

F Ks[E[unbox» x/ y as x in N

= KS[UnbOX[T//]X/ ]/ as x in E[N]]



Proof of soundness theorem - continuation.

F Ks[E[unbox» x/ y as x in N
= Kslunbox/ x: y as x in E[N]]

= Ksy,l [bOX[T//]X/ S[y] asy in KSy,z [UnbOX[T//}X/ yasx in E[N]]]



Proof of soundness theorem - continuation.

F Ks[E[unbox» x/ y as x in N
= Ks[unbox» x/ y as x in E[N]]
= Ks, , 00X x/ Slyl as y in Ks, ,[unboxcm xs y as x in E[NI]]

= Ks, , (00X x+ Slyl as y in Ks, , [EIN[S[yl/x]]]



Proof of soundness theorem - continuation.

F Ks[E[unbox» x y as x in NJ]

= Ks[unbox» x: y as x in E[N]]

= Ks, , 00X x/ Slyl as y in Ks, ,[unboxcm xs y as x in E[NI]]
= Ks,, [boxm xs Slyl as y in Ks,, [EIN[S[yl/x]]]]

= Ks[EIN[S[y]/x]]]



Proof of soundness theorem - continuation.

F Ks[E[unbox» x y as x in NJ]

= Ks[unbox» x/ y as x in E[N]]

= Ks, , 00X x/ Slyl as y in Ks, ,[unboxcm xs y as x in E[NI]]
= Ks,, [boxm xs Slyl as y in Ks,, [EIN[S[yl/x]]]]

= Ks[EIN[S[yl/«l]]

= Ks[EKs# M : Y ! (15 + 1)



Equational soundness - Soundness theorem

Take E = [] and we get soundness theorem as a colloraly.

Theorem
If-SandTs M : X! tand (S| M)~ (S"| M'), then

F KgM] = Ks/[M'] : X ! (ts + T).



Future work

» Normalization
» Adequacy
» Concurrency

» Finite loops



Appendix

Typing rules for Ay

x:XeTl (rl—viibi)lgign r-v:.:Xx r'EwW:Y

M-x:X MEf(Vy,...,Vy):b T (V,W):XxY

Dx:XFM:Y!t

M () : unit Ffun (x:X) = M:X = Y!T

FrFv:X rFM: X!t L{t),x:XFN:Y!1

Freturn V:X 10 FFletx=MinN:Y!t+1'



Typing rules for Ay

NMNFv:X—=Ylt r-w:X

rN-Vw:vylr

FTFV:XxY ThLxu:X,y:YEN:ZIT

I' = match V with {(x,y) = N} : Z !t

rl_VAop l—;<Top>)x:B0p}_M:X!T

FFopV(x . M): X!tp+T



Typing rules for Ay

L{t)FM:X!7

N-delaytM: X! t+7

'EM: X!z
N(T),z:XEN: Yt H=(x.k.Moplypco

(VT” . r,x:Aop,k: [Top] (Bop — Y!T”) = Mop . Y!Top +T”)OpEO

I+ handle MwithHtozinN:Y!t+ 1’



Typing rules for Ay

L{tFV:X NLx:kXEN:Y!T

Itboxgx VasxinN:Y! 1

T < 1r r—tFV:[X Nx:XFN:Y!T

Mk unboxyyx VasxinN:Y!t
Well-formed states ' - S:

r-s FreS TNl (FV:X x¢&lTs

FE0  TFS, (1) MESx iy V



Small-step reduction relation
SEM-APP

(S| (fun (x:X) — M) V) ~ (S| M[V/x])

SEM-MATCH

(S match (V, W) with {(x,y) — N}) ~ (S| N[V /x, W/y])

SEM-LET-CONG
(S| M) ~~ <S’ |M’>

(Slletx=MinN)~ (S'[letx=M"inN)

SEM-LET-RET

(S]let x = (return V) in N) ~ (S| N[V /x])



Small-step reduction relation

SEM-LET-OP

(Slletx=(opV (y.M))inN)~(S|lopV (y.letx=Min N))

SEM-HANDLE-CONG
(S | M> s <S’ |M’>

(S | handle M with H to z in N) ~»
(S’ | handle M’ with H to z in N)

SEM-HANDLE-RET

(S | handle (return V) with H to z in N) ~»
(SIN[V/z])



Small-step reduction relation

SEM-DELAY SEM-BOX
(S| delay T M)~ (S |boxyx VasxinN)~
(S, (t) M) (S,x —=x VIN)
SEM-UNBOX
yES

(S| unbox(yx y as xin N) ~
(SINISlyl/x])

Proposotion
If=Sand x:[t] X € Ts, then (T's)y 1, (T) - Slx] : X.



Computational context typing rules

FTEV:Agp T (Top)yX:BopFK:T

FF[]O rl_OpV(x.K):Top+T

L{t)FK:T N FV:X Lx:[dXFK:T
I-delay tK:1+ 1 Ik boxgx VasxinK:t’

T<1r Nr—tHV:[1X Nx:XFK:t

I'Eunboxyx VasxinK:t’



Equational theory - Non-modal fragment

Unit Type

<
I

Product Type

match (V, W) with {(x,y) — N} = N[V /x, W/y]
M[V /z] = match V with {(x,y) — Ml(x,v)/z]}

Function Type

(fun (x: X) — M)V = M[V /x]
V=fun (x:X)— Vx



Equational theory - return, let, and handle fragment

Return Values

let x = (return V) in N = N[V /«]
handle (return V) with Hto zin N = N[V /Z]

Algebraicity (y € fo(N))

letx=(opV(y.M))inN=opV (y.(letx=MIinN))

Effect Handling

Associativity (v & fo(P))

letx=(lety=MinN)inP=lety=Min (letx=Nin P)



