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What is a derivative? The SD view
o Leibnizz f:R—> R, f/(x)=acRif

[f(x + dx) = (f(x) + a- dx)|

li =0
|d>:|r10 |dx|
e Jacobi: f:R" = R™, f'(v) =M e R™*" if
. [|f(v +dv) — (f(v) + M % dv)||
lim =0
[ldv]|—0 [|dv|

o Fréchet (total): f:V — W (Banach), f'(v)=heV — W

if
i IF(V+ ) = (F(0) + Al _

0
l|av|[v—0 l[dv||v

Observe: Input to derivative is a single value. Output is a function
from input to output differentials.
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What is a derivative? The AD view

o Gateaux (directional) differential: f: V — W (Banach),
f'(v,dv) =dy € Wif

by — tim L £ ) — A
t—0 l1t||k

o Define f1Pdl(v, dv) = (f(v), f/(v,dv)). Then
(g ° f-)[fad] — g[fad] ° f-[fad]'

o Idea: Interpret function f over dual tensors
(v,dv) € RMm>-XMe 5 RMXXMk instead of v € RM* XMk,
@ Easy to implement for sequential source code:
e Use your existing compiler or interpreter for the program that
defines f.
e Just replace standard abstract data type implementations for
numbers, vectors, tensors by dual numbers, vectors, tensors.
e But now we need two inputs: a primal value v and an input
differential dv.
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Hilbert spaces

e Hilbert space: Vector space (V,+,-,0) + inner product ® +
limits; e.g. Euclidean space.
e Constructions:
UV, W:=0| K| ®xexVs | VO W
where X is a set.
o Here: Finite sets X :=n|X; x Xz | ... and K =R.
@ Direct sums @, x V, including V1 x ... x V,, and copowers

VX (e.g. R™)
@ Tensor products, V ® W = the terms
wi=0|k-wiwm+w|u®v,
treated modulo vector space axioms and
(k-v)ow=k-(veaw)=v® (k- w)
vitw)eaw=(Wew)+(vnaw)
Ve (wg+we) = (v w)+ (v & ws).
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Fréchet differentiation calculus

(gof)(v) = &(f(v))ef(v)
K. (v) = 0
H(v) = h ifh:V —o W
J(u,v) = (uo)em+ (ov)em ifo:UxV =y W
(Mxexh)(v) = A(Mxexf)(v)) if fi 2 Vie = W

where e linear composition, K, (v) = w, ¢ bilinear, (uo)(v) = uov,
(ov)(u)=uov, A(f,...,f) (v, ..., va) = (A(v1),..., fa(vn)).
Note:
@ 5 rules: 3 for multilinear functions (constant, linear, bilinear),
plus sequential (chain rule) and parallel composition.
@ Special cases of parallel composition:

(A x h)(vi,v) = fA'(v)x k' (v)
(mapf)'(v) = A(mapf'(v))
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Adjoints
o f*: W — Vis adjoint of f : V — W if

flv)ow=vofi(w)
forallve V,we W.
e Example: +* = dup.

@ Adjoint of linear map expressed as matrix is its transpose:
(Mx)* = (MTx%).

@ Standard approach: Represent linear maps as matrices.
Perform transposition to implement adjoint.
o Bad idea for high-dimensional vector spaces!
e Adjoint of id is id, but matrix representation may be huge.

(Worse for other linear maps whose matrices have no zero
entries.)

o Better idea: Symbolic representation of linear functions;
calculus for computing adjoints symbolically.
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Adjoint calculus

Let X, Y be finite sets; R C X x Y, and RT = {(y,x) | (x,y) € R}.
id* = id
(gef) = frog’
0 =0
(v¥)" = (v7¥)
(w)" = (xw')
) = =X
(Mxex fx)* = Meexf”
redg® = redgr
Furthermore, the inverses of unitary operators are also their adjoints. )

where (u®@ v) x (v @ w) = (v © V') - (u® w) is tensor contraction;
redr(v) = @yey Do (x)er Vx IS relational reduction.
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Adjoint affine interpretation
Compute value and symbolic (not matrix) adjoint derivative of
function at given input x. (No additional input required.)

(go AHM(x) = let (&, fxa) = FIIl(x) in
let (gfx, g'fxa) = gl"l(x) in
(gfx, f'xa e g'fxa)
Kul(x) = (w,0)

h(x) = (h(x),h")

olll(x) = let (u,v)=xin
(uov,i3 e (uo)* + 12 e (ov))

(Myeyf)M(x) = let (w,d) = unzip((Myey (Ax.£,27(x)))(x)) in

(w, A(d))

Theorem
If f7)(x) = (y, h) then y = f(x) and h = f'(x)*.

where f’(x) is Fréchet derivative. ®
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Why adjoints?

@ "Cheap gradients”: Efficiently Computing gradient Vf of
scalar function f : R” — R for n > 0.

e Using derivative to compute gradient requires application of
derivative to each basis vector of R":

Vi(x) = (f'(x)(e1),..., ' (x)(en))

where ¢; = (0,...,0,1,0,...0) with 1 in i-th position.
e Using adjoint to compute gradient requires only one
application to (single) basis vector 1 of R:

VE(x) = £(x)"(1).

@ Applications independent of differentiation:
o Computational science (PDEs, error estimation, inverse
problems, etc)
o Physics (quantum field theory)
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More information and future work

@ More details in the paper:
e Relation of derivatives to each other
e Expression swell myth debunked
e Tensor decomposition/tensor products as efficient data
structures for low-rank matrices
o Examples (including neural networks)

o Future work:

o DSL for binary relations (to avoid enumeration)

o Fréchet: Functional DSL with affine (adjoint) interpretation,
embedded in Haskell

o Caddy: DSL embedded in Standard ML

o Second-order/higher-order differentiation based on
quadratic/polynomial (adjoint) interpretation

o Generating Futhark code for high-performance (parallel, GPU)
execution of (adjoint) derivatives.

Thank you!
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